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The equations of motion for N vortices on a sphere were derived by V. A. Bogolomov in 1977. References to related
work can be found in the book by P. K. Newton. We use the equations of motion found there to discuss the stability of
a ring of N vortices of unit strength at the latitude z together with a vortex of strength x at the north pole. The regions
of stability are bounded by curves k = k(z). These curves are computed explicitly for all values of N.

When the stability of a configuration changes, for example by varying the strength of the vortex at the north pole,
bifurcations to new configurations are possible. We compute the bifurcation equations explicitly for N=2, 3 and 4. For
larger values of N the complexity of the formal computations becomes too great and we use a numerical value for the
latitude instead. We thus derive the bifurcation equations in a semi numerical form. As expected the new configurations
look very similar to those which had been found previously for the planar case.

1. Introduction

The original interest in the motion of vortices can be traced to the work of Helmholtz [27] in the
second half of the nineteenth century. Many of his contemporaries, in particular J. J. Thomson
[25, 26], believed that vortex theory could be used to explain the structure of the atom. When it
became clear that this approach was wrong the interest in this area diminished, except for those
working in fluid mechanics, see for example [9, 11].

It was V. A. Bogomolov in 1977 who derived the equations of motion of point vortices on a sphere
[3, 5]. He considered the case of a non rotating and of a rotating sphere. The later case can be used
as a simple model for the motion of cyclones and hurricanes in the atmosphere of a planet [4, 23, 15].
Since the three vortex problem on the sphere is integrable it has received special attention [7, 12, 22].

In the last 20 years interest in the motion of point vortices in a plane and on the sphere has
increased significantly when it was realized that there are lot of similarities between the N-body
problem of celestial mechanics and the N-vortex problem in an ideal fluid, see for example [8, 20]. It
was Kirchhoff [13] who formulated the N-vortex problem in the framework of Hamiltonian mechanics.
It is this connection to celestial mechanics that gave rise to a large number of papers and even books
on this topic in recent years. Of special interest is the book by P. Newton [21] with an extensive list
of references to relevant papers.
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The problem to be considered here is the motion of N point vortices on a sphere of radius one.
Let I'; be the strength and x;(t) be the position of the j-th vortex. The equation of motion of this
vortex under the influence of the other vortices is given by

Z I; XiXX;
i#] 27 ’X] - XZ‘Q’

where |x; — x;| is the chordal distance between the two vortices. In order to avoid writing the factor
21 we set k; = I';/2m and refer to it as the strength of a vortex.

The position of a vortex on the sphere can also be given in cylindrical coordinates, that is, by the
distance of the vortex to the equatorial plane and by its longitude. As long as none of the vortices
is near a pole of the sphere the equations of motion can be given by a Hamiltonian function in these
coordinates. We will use this approach in section 3 in order to determine the stability of a ring of
vortices at a fixed latitude.

A vortex at the north pole destroys the Hamiltonian nature of the system of differential equations.
Nevertheless, the function remains an integral of motion. It allows us to determine in section 4 how
the stability of the ring of vortices changes when there is a vortex at the north pole, whose strength
varies. Whenever there is a change in stability, bifurcations to new configurations can be expected.
This approach is exploited in sections 6 and 7. Sections 5 and 8 are added for completeness sake, as
the problem of three vortices on sphere is integrable and it has been discussed before, see for example
[12] and [17].

The stability of N + 1 vortices on a sphere has been discussed elsewhere from different points
of view, see for example [6, 2, 16, 14]. We believe that circulant matrices are the natural tool for
the given problem and that they allow for an easier determination of the stability regions and the
determination of the bifurcation equations.

2. Preliminaries

Consider n vortices, which are at the vertices of a regular polygon. The Hessian of such a configuration
will have the following format

ap ap az -+ ap-1

Gp—1 Ao a1 *+* Ap—-2
A:

ay; ag as -+ Qo

This form is known as a circulant matrix, see [1]. Let w = e*™/" be the n-th root of unity then a

complete set of eigenvectors for such a matrix is given by the columns of

1 1 1 1

1 w w2 ool
1 w? ot L2(n-1)
1 wn.—l w2(7.1—1) w(n.—l)Q

Also the eigenvalues can be computed explicitly and the j-th eigenvalue is found to be
n—1
Z apw’®. (2.1)
k=0

Since a Hessian is symmetric, we have ay = a,,_ for k = 1,2,... ,n— 1. Therefore, all eigenvalues will
be real and the set of eigenvectors are the real and imaginary parts of the eigenvectors given above.
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We will adopt the convention that the set of eigenvectors are in the order as given by the following
transformation matrix

1 1 1
Vi w2 ez ’ ’
1 cos27/n cosdm/n sindm/n sin 27 /n
% n/2 n/2 n/2 n/2
-] 1 cos4m/n cos8m/n . sin 8w /n sindm/n (2.2)
Vn n/2 n/2 n/2 n/2
1 cos(n—1)w/n cos2(n—1)n/n sin2(n — 1)7/n sin(n—1)7/n
% n/2 n/2 n/2 n/2

The matrix has been made orthonormal by dividing the column vectors by +/n or \/n—/2 respectively.
In writing down the above transformation matrix one has to be aware that the case n odd and the
case n even are slightly different. The horizontal dots in the above matrix should indicate that on the
left additional columns with cosine terms have to be inserted and on the right the same number of
columns with sine terms. When n is odd this completes the n x n transformation matrix. For n even
there is one more column in the middle consisting of alternating +1/1/n and —1/y/n. That column
comes from the same position in the complex form of the set of eigenvectors.
Other formulas, which will be used in what follows, are

1 n?—1
= sin? jm/n 3
and
n—1 27 -
k
sz jﬂ/n =k(n—k) for k=0,1,...,n.
‘o1 sin Jjm/n

At that time it has to be remembered that in standard formals like
n .
s n/2 forn;2
and
i _[2 fom=2
n :
| n/2  forn;2
the case n = 2 is different. Therefore, the case n = 2 has to be handled separately. Although it

could be done directly without the help of circulant matrices, we will treat it in a later section for
completeness sake. For now we will assume that n > 2.

3. A ring of vortices at a fixed latitude

In this section we will discuss a ring of n vortices of unit strength at a given latitude on a sphere.
This case can be treated completely within the framework of Hamiltonian mechanics. When a vortex
near a pole of the sphere is added then the resulting differential equations are no longer Hamiltonian.

The n vortices on a sphere of radius one can be located by the cylindrical coordinates (z;, ¢;),
J=0,1,...,n — 1, where z; gives the latitude by measuring the vertical distance from the equatorial
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plane, and where ¢; gives the longitude. In these coordinates the motion of n vortices of unit strength
is given by the Hamiltonian

n—1 n—1

leéz Z In |:1—Zi2j—\/1—212\/1—2]2-COS((,01‘—@]‘):|. (3.1)

i=0 j=i+1

In our notation the z;’s are the position coordinates and ¢;’s are the corresponding momenta coordi-
nates, so that the differential equations are given by

ijaH/a(pj, gbjz—aH/aZj, j:O,...,n—l.

where for the moment H = H;. It is obvious that the coordinates are singular near the poles and
that stationary solutions can only be found when viewed in a rotating coordinate system. Therefore,
introduce a coordinate system which rotates uniformly with angular velocity w around the polar axis.
We will stay with the same notation for the new coordinates, but the Hamiltonian (3.1) has to be
replaced by

n—1
H:Hl—wz,zi: (32)
i=0
1 n—1 n—1 n—1
=5 Zln[1—zizj—\/1—231/1—2]2-008(%—%)}—wZzi.
i=0 j=i+1 =0

Place n vortices of unit strength at a fixed latitude z with —1 < z < 1 and at the vertices of a
regular polygon, that is, z; = z and ¢; = 27j/n for j = 0,1,...,n — 1. Then this configuration will
be stationary in the rotating coordinate system if

n—1)z
yo (=1 59
2(1 - 2%)
In order to investigate the stability of this configuration the Hessian of (3.2) or equivalently the Hessian
of (3.1) has to be computed and evaluated at the equilibrium. We find with the help of the formulas
given in section 2

2

‘iggj T a- 2’2)2811121(]' —i)m/n for i # j,
02H;, (n—1)(n—5—622)
0z 1201 — 222

0?H, 1

= for i # 7,
0pi0pj  4sin®(j —i)m/n 7

0*’H, nf-1

o 12

0°H,
621‘ 6@]'

In block form the Hessian consists of two circulant matrices along the diagonal. The off-diagonal
block matrices are zero. Let z stand for the vector of the latitudes. The eigenvalues of the circulant
matrix 92 Hy/0z* evaluated at the equilibrium can be computed with the help of (2.1) and they are

—(n—1)(1 +2°) + k(n — k)

A = k=0,1,...,n—1.
g 2(1 — 22)?
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Similarly with ¢ representing the vector of the longitudes we compute the eigenvalues of 92H; /0>
to be

kin—k
O'k:—g k=0,1,...,n—1
2
It is seen that many of these eigenvalues are repeated, that is A\, = \,_; and o = o,_) for k =
=1,...,|n/2]. Thus, only when & = 0 and when k& = n/2 with n even are the eigenvalues simple.

The ordering of these eigenvalues is due to the use of the transformation matrix 7" of (2.2). If we
denote the vectors of the new variables by ¢ and ¢ respectively then the complete transformation is
given by

z 0
z 21 /n

z=| . +T¢, Y= : +T¢.
z 2(n —1)m/n

The transformation is symplectic. In the new variables the origin is an equilibrium point and the
transformed Hamiltonian starts with quadratic terms in normal form:

n—1 n—1
1 1
H=3 ;0: MCE+ 3 ;1: ordi + hoo.t.

The stability of the origin is easily deduced. Since o, < Ofor k=1,...,n—1, 090 =0 and \g <0
the stability depends on the A\ being negative for k = 1,...,|n/2]. These eigenvalues are ordered by
increasing values so that the largest value is achieved when k = |n/2]. In order for that eigenvalue
to be negative we find the requirement that 22 > (n — 2)?/(4(n — 1)) when n is even and that
22 > (n—1)(n—3)/(4(n — 1)) when n is odd. A value of 22 < 1 can only be realized by these
formulas for n < 7.

Another way of looking at the stability of a ring of vortices at distance z from the equator is to
ask where each )\j changes from a positive to a negative value as z? is increased. These values are
given in the table below for n up to 12.

n\k |1 2 3 4 5 6 7
310 0

410 1/3 0

510 1/2 1/2 0

6|0 3/5 4/5 3/5 0

710 2/3 1 1 2/3 0
8|0 5/7 87 9/7 8/T 5/T 0
9|0 3/4 5/4

1010 7/9 4/3

1110 4/5 7/5

120 9/11 16/11

Any value greater than one in the above table should be ignored, as it leads to a configuration, which
can not be realized. For that reason not all of these values are listed. The column two of the table
shows that the level of stability changes near the physically meaningful value of 22 = (n — 3)/(n — 1)
due to the change of signs in Ao and A,_s. This happens for all values of n.

4. Ring with vortex at the north pole

If a vortex moves near the north pole on the sphere we can not use cylindrical coordinates and we will
have to stay with Cartesian coordinates for that vortex. We will use (z,, yn, 2,) to denote the position
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of this (n + 1)-st vortex of strength x near the north pole. The system of differential equations in an
inertial coordinate system is now

¢ = —0H [0z, Zr = OH [Opy, fork=0,1,....,n—1

and was used before in [2]. The function H is now H = H; + Hy with H; given by (3.1) and Hs by

n—1
Hy, = %Zln [1 — zjzn — /1 = 23 (2 cos 0 + Y singoj)]. (4.1)
=0

Thus the problem is no longer Hamiltonian, but H still serves as an integral of motion. If the problem
is to be considered in a uniformly rotating coordinate system, then H has to be replaced by

n—1
H:Hl—i—Hg—w(sz + Kzp). (4.2)
j=0
A polygonal ring of n unit vortices at latitude z and a vortex of strength  at the north pole (i.e. z,, = 0,

yn = 0) is at an equilibrium if VH = 0. This happens when

w:_(n—l)z_ K
2(1—2%) 2(1—2)

We extend the vectors z and ¢ to be z = (20,21,.-.,2n-1,Yn) and @ = (©0, 1, -+, Pn—1,Tpn). In
order to investigate the stability of this configuration we again compute the Hessian of H at the given
configuration. The new terms arising from Ho are

0?H. s
6zi8zzj =0 for i # j,
0%H, - K
022 - 2(1 — 2)?
a?;g;j:o for 0<i,j <n—1,
0%*Hy _ Krsin2jm/n 0<j<n—1
0p;0xy, 2(1—2) ’
9% H, :_fwcos2j7r/n 0<j<n_1
i Oyn 2(1 - 2) ST ’
02H, :_KJCOSQjﬂ'/n 0<j<n_1
0z;0xy, 2r(1 —=2) R ’
0%*Hy :_nsin2j7r/n 0<j<n—1
0z;0yn 2r(1 —2) ’
O’Hy  0*Hy KN
N
O’Hy _
0z, 0y, '
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In the above formulas we have used the abbreviation r = ++/1 — 22. In (4.2) the last term of H will
also contribute to the second order derivatives, since z, = y/1 — 22 — y2 and therefore

9%z, _ 0%z,
Ox? oy?

n

when z,, =y, = 0.

In order to use the normal form of D?H; we have to transform the new terms in the same way
as those of D2H;. For that purpose we extend the matrix T of (2.2) in the natural way, so that the
full transformation matrix in block form is

7000
0t 100
00TO0
0t 001

T =

with O representing an n X n matrix, an n dimensional vector or even a scalar where appropriate.
In order to see what happens to the terms of D2Hy we can ignore the terms on the diagonal for a
moment. Without them the Hessian of Hs in block form is

0 upe 0 uyy
c— ufpx 0 ul, 0

0 uze 0 uyy

t t
Upy 0 uz, 0O

where u,, is the column vector made up of 62H2/890j8:cn, 7 =0,1,...,n — 1, and similarly for the
other vectors. From

0 Ttuw 0 Ttug,y
ufomT 0 ul,T 0

0 Tlu,, O Ttuzy
ufpyT 0 utzyT 0
we see that we have to find the product Ttuw and three other products. In each case the vector is
orthogonal to all but one column of T. Thus T"u,, has only one nonzero entry in position n — 1 of
this vector and we call this nonzero term . The value —a occurs in position 1 in T%ug,. A nonzero
value denoted by (3 occurs in position 1 of T%u,, and in position n — 1 of T"u,,. The two nonzero
values are

T'OT =

Kry/n/2 K/ /2
o=——— f=——"—.
2(1 - 2) 2r(1 —2)
Combining everything, the Hessian of H in (4.2) evaluated at the stationary solution and given in
accordance with the vector (o, xy,,2,y,) is

ooo0.-- 0 O0O0OO0OCO0--- 0 O
0oy O--- 0 0 OO0 O - 0 —«
00 og:--- 0 00O O - 0 0
00 O0:--0op-1aa 00 O0- 0 0
00 O- a o, 0 8 0 - 0 0
00 O- 0 0 X O O - 0 0 (43)
00 O- 0 B 0 X O - 0 0
00 O- 0 0 0 0 Ag- 0 0
00 O- 0 0000 -+ A1 B
0—a 0 - 0 00O0O0-- B X\
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The terms along the diagonal have the values

k(n—k
Uk:_% for k=0,1,--- ,(n—1)
—(n=1)(142%) + k(n— k) — k(1 +2)?
M = (n—1DA+2%) +k(n—Fk) —r(1l+2) for k=0,1,--- ,(n—1)
2(1 — 2%)?
On = Ay —%—i—h}w.

Since a portion of the above matrix is already in diagonal form, several eigenvalues can be read
off at once. They are

oo =0
N — (n — 1)1+ 2%) + k(1 + 2)?
0 2(1 — 22)?
—k)k
Uk:—% fork=2,....n—2
—1)(1+42%) — (n—k)k+ r(1 + 2)?
)\k:—(n A+27) —(n b+ (1 +2) fork=2,....n—2
2(1 — 22)?

Since o, < 0 for k = 2,...,n — 2 we need only to check that A\; < 0 for the same range of indices.
Again we have A\, = A\,_x and the largest of these eigenvalues occurs for k = |n/2]. Six eigenvalues
of the Hessian are more difficult to determine. On closer inspection these eigenvalues follow from the
two submatrices

o1 0 -« Opn—1 a 0
0 M1 B and a o, B
—a [ M 0 B M\

Since A\,,_1 = A1, 0,1 = 01 and A\, = o, the two submatrices have the same set of real eigenvalues
and it suffices to look just at the first submatrix. It reads in details

n—1 0 _“\/”—/QV 1—2°
2 2(1— 2)
g — 0 e LSS LR
3 2(1 — 22)2 21— 2)V/1— 22
_/@\/W\/l—z? B K\/n/2 (2 (n—l)z—I—m(l—&—z))
2(1-2) 2(1 — 2)V/1—22 4 2(1—2%)

Instead of computing the eigenvalues of mg directly, it is easier to decide if all eigenvalues are negative
by looking at the determinants of the principal minors of the main diagonal. Since the first element
on the diagonal of mg is already negative, the next minor will be positive if

Fi(z,k) = (n—1)2> 4+ k(14 2)? >0 (4.4)
and finally we need |m3| < 0. It turns out that the expression for |mg| factors nicely into
| k((n—1)z+ k(1 +2)((n—1)2(22 —n —2nz + n2?) + K(2 — n +nz)(1 + 2)?)
mg| = .
’ 16(1 — 22)3
For the numerator we require
kFy(z,k)F3(z,k) <0 (4.5)
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where

Fy(z, k)
Fs(z,k)

(n—1)z+ k(1 + 2), (4.6)
(n —1)2(22 —n — 2nz +nz?) + k(2 —n +nz)(1 + 2)2 (4.7

Since the functions in (4.4) to (4.7) are all linear in x, we can plot the curves in the z-x plane where
the functions Fy, Fo and F3 are zero and thus find the regions where the three eigenvalues will be
negative. These curves found from (4.4) to (4.7) respectively are

n—1)z2
g1 = —ﬁ (4.8)
92 = —% (4.9)
n—1)2(22 —n — 2nz + nz?
g3 = _(nZ =@ 2nz + nz’) (4.10)

(2—n+n2)(1+2)?

k k
af 4
2 2
= 0.5 e 1 ¢ ) 0.5 0.5 1 2
ot 2
-4t -4
2,2 2 22(3 + 4z — 32?)

Fig. 1. Case n = 3. The three curves g1 = — and g3 = — defining the

T Tes
regions of stability for mg. On the right the stability regions are shaded in gray.

(14 2)%(1 - 32)

For n = 3 the three curves are depicted on the left in figure 1, including an asymptotic line
for g3 at z = 1/3. In the same figure on the right are the regions where all eigenvalues of ms are
negative. The regions can be found more easily by considering the condition (4.5) first. After plotting
the curves go and g3 the regions where (4.5) is satisfied can be broken down into Fs(z,k)F3(z, k) <0
when £ > 0 and Fy(z, k)F3(z,k) > 0 when £ < 0. It will then be seen that the condition (4.4) imposes
no additional constraints, since g1(z) < 0 for all z and furthermore g;(z) < g3(z) in —1 < 2 < 0. It
means that Fj(z,k) = 0 and with it A\; = 0 is not one of the places where the stability of a stationary
solution can change. This remark will be important when we consider bifurcations in Section 6. The
condition that A\g < 0 imposes no additional constraints on the stability regions found so far.

When n = 3 there are no other constraints to be considered. When n > 3 other eigenvalues exist
and all of them need to be negative. We restrict ourselves to the largest of these eigenvalues, that is
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Aln/2) and insist that it is negative. The condition A|,/5) = 0 is linear in x, so that from it we can
easily plot k as a function of z. It is given by

((n—2)/2)* — (n—1)z2

for n even
o — (1+2)°
0= _ _ (o 2
mn—1)n—-3)/4—(n—1)z for n odd
(1+2)?

x k
4 4+
2 2t

Fig. 2. The case n = 4. The curves gg, g1, g2 and g3 in the z—x plane defining the stability regions. The stable
regions are shaded on the right.

For 4 < n < 7 the function gg has two zeros in —1 < z < 1 and also a maximum value in this
interval. This means that gy has an asymptote to —oo as z — —1. It allows a region of stability for
negative k near z = —1. When n > 7 go tends to +00 as z — —1 and therefore this region disappears.
For n =4, 5, and 6 the curves gg and go intersect, and to the left of that intersection point g9 is the
lower limit for the region of stability. For n > 7 the function gq is the lower limit for all —1 < z < 1.

The case n = 7 is the dividing one, and it is here where go simplifies to g9 = 6(1 — 2)/(1 + 2).
From its asymptote at z = —1 to its zero at z = 1 this function is the lower limit for x in the entire
interval —1 < z < 1. For all cases of n the function g3 from the determinant of ms imposes an upper
limit on k. This upper limit exists from the asymptote of g3 at z = (n — 2)/n to z = 1.

In the following theorem our findings are summarized. The intervals in x where a configuration
is stable changes at certain values of z. These values are indexed by n and they are «, the positive
zero of go(z) =0, [, the intersection of go(z) and g2(z) which occurs at a maximum of go(z), and vy,
which is an asymptote of g3(z). Values of interest in —1 < z < 1 are

Qg = Qa5 = ; Qg = ’

2
Ba=—% 55:—1 Bs = —%
3’ 2’ 5’

Vn = ;2 for all n > 3.

10 REGULAR AND CHAOTIC DYNAMICS, V.8, N¢3, 2003
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Fig. 3. The case n = 5. The curves gg, g1, g2 and gs in the z—« plane defining the stability regions. The stable
regions are shaded on the right.

k k

Fig. 4. The case n = 6. The curves go, g1, g2 and gs in the z—« plane defining the stability regions. The stable
regions are shaded on the right.

Theorem 1. A ring of n unit vortices at the latitude z and a vortex of strength k at the north
pole of the sphere is stable in the following regions

Case n = 3:
for =1 <2< (2—+13)/3  when g3(2) < k <0 or g2(2) < K,
for (2—+13)/3 < 2 < —1/3 when 0 < K < g3(2) or ga(2) < K,
for —=1/3<2<0 when 0 < k < ga(2) or g3(z) < K,

REGULAR AND CHAOTIC DYNAMICS, V.8, N¢3, 2003 11
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25

20

15

10

5
z

-1 -0.75 -0.5 -0.25 0.25 0.5 0.75 1 -1 -0.75 -0.5 -0.25

Fig. 5. The case n = 7. The curves gg, g2 and g3 in the z—« plane defining the stability regions. The stable
regions are shaded on the right. Stability is only possible for £ > 0.

25
20
15
1
5
\ ]

-1 -0.75 -0.5 -0.25 0.25 0.5 0.75 1 - -0.75 -0.5 -0.25

Fig. 6. The case n = 8. The curves gg, g2 and g3 in the z—« plane defining the stability regions. The stable
regions are shaded on the right. Stability is only possible for £ > 0.

for0<z2<1/3 when 0 < kK,
for1/3<z<1 when 0 < k < g3(z).
Case n=4, 5, or 6:
for =1 <z < —ay when go(z) < k <0 or ga(z) < K,
for —a, <2< 0, when g2(z) < K,
for B, <2< v when go(z) < K,
(2)

for < z< ay when go(z) < k < g3(z),

12 REGULAR AND CHAOTIC DYNAMICS, V.8, N3, 2003



STABILITY AND BIFURCATIONS FOR THE N + 1 VORTEX PROBLEM ON THE SPHERE

fora, <z<1 when 0 < k < g3(z).
Casen > 7:

for =1 <z <y, when go(z) < K,

forv, <z<1 when go(z) < k < g3(2).

5. Two vortices at a fixed latitude and a vortex at the north pole

As was mentioned in Section 2 the case n = 2 requires slightly different formulas. Although a direct
treatment of this case can be found in the literature, we will use the same method as given above
for n > 2. The transformation 7' will deliver the Hessian with invariant subspaces, which are then
analyzed more easily.

The calculations for the Hessian of H; remain unchanged, and its eigenvalues are

1 1+ 22 22
og=0 g1 = —%, )\ - —_ - )\ -~
0 T2 07 o1 - 22)2 o1 - 2y

On the other hand some of the second order derivatives of Ho are different and the modified set is
listed below with ¢ and j taking on the values 0 or 1:

0> H,
8zi8zj

=0 for i # j,

0%*Hy — K

023 2(1 — 2)?

0*H,
0p;0p;

0*H, 0°H,
a(pjamg N 6Zj6y2

0*H, B _Ii’l“(—].)j
00Oy 2(1 —2)

PHy, | s(-1)
0z;0x 2r(1 — z)

0% H, K
ax% 1 — Z

0% Hy K2
oy 1=

0% H,
0120y

Also different than before is the outcome of T%u,, and the other products. When these calculations
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are performed the Hessian of H at the stationary solution will be

0 0 0 0 0
1 —TK
1 0 0 Tk
2 V2(1 - 2)
2 1 —
0 0 _k( +3z+n(2 +2)) 0 P 0
2(1-2%) r(1—2)V2
1+ 22 1 2
0 0 0 1+ 2P+ k(1 +2) 0 0
2(1 —22)?
N 2 1 2
0 0 Rk 0 _% 0
r(1—2)v2 2(1-27)
0 KT 0 0 0 k(z+ 222 — k(1 + 2))
(1—2)v2 2(1 — 2?)
(5.1)
As before we have the eigenvalue og = 0 and the eigenvalue
1+ 22 4+ k(1 + 2)?
0= — 53 . (5.2)
2(1—2°)
Different are the two invariant subspaces of dimension 2 given by the matrices
-1 —TK _E(2+32+ k(1 +2)) —K
B 2 V2(1 - 2) Lo — 2(1 — 22) r(1—2)v2
= —hr REt222—k(142) | WET2T . 24 k(L2)?
(1-2)v2 2(1-2%) r(1—2)v2 2(1 - 2%)?
It turns out that the eigenvalues of ms are reasonably simple expressions and are given by
2 1 2
A\ = _% (5.3)
2(1 —2%)
K(24+32z2+ k(142
SICET S (E) 64
2(1 —29)

We have selected this notation to indicate that the eigenvalue in (5.3) reduces to the Aq of the Hessian
of Hy, that is without a vortex at the north pole.

The eigenvalues Ay and oy are then those of my. Unfortunately their expressions are somewhat
complicated. For this reason we limit ourselves to give them here in form of a series expansion in :

1 1+z.2,
o1 =5 -7, , (5.5)
142
Ay = a z>/€+ 1122 K24, (5.6)

2(1 —2) 2(1—2)

On the other hand the condition that both eigenvalues are negative reduces to the condition that
the determinant of m; is positive. This determinant is

| = —k(1 +22)(2 + £(1 + 2))/(4(1 = 2%)),
so that the condition for both eigenvalues to be negative becomes

F(z,k) =k(1+22)(z + k(1 +2)) <O0.
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In order to check that all eigenvalues are negative we have to add to this A\g < 0, o9 < 0, and \; < 0.
From (5.2) and (5.3) it is obvious that Ao < Aj, so that the condition for Ao can be ignored. The
boundaries for these conditions can be found by plotting the curves for F(z,k) =0, 09 = 0 and A\; = 0.
These equations give rise to the five curves or straight lines:

—z — 22 243z

1
:0’ :——’ :—, - ) - .
K z 5 K 172 K (1+z)2 K T+

These curves and lines are drawn on the left in figure 7, and the regions of stability are given on the
right.

Fig. 7. The curves defining the regions of stability for n = 2. The regions of stability are shaded on the right

Surprising is that there is no region of stability for z > 0, although the two vortices without a
vortex at the north pole are stable for all values of z. How this can happen can be seen by looking at
the expressions for the eigenvalues Ao and o9 in (5.4) and (5.6) for small k. It is seen from there that
A2 and o9 always have different signs for small values of k¥ when z is in the interval —2/3 < z < —1/2
orin(0<z<l1.

6. Bifurcations of new configurations

In Section 4 we determined the stability of an equilibrium solution of (4.2). The solution consisted of
a ring of n unit vortices at a latitude z and a vortex of strength x at the north pole. The stability
depends on the two parameters z and k. The regions of stability were enclosed by curves in the z—x
plane. It is natural to ask if additional configurations can bifurcate at the curves where the stability
changes.

The method to be used is the following. Given a fixed value z for the latitude find the values of
where the stability changes. Let x. be one of these values and set kK = K.+ with p a small perturbation
parameter. Put the system of equations into normal form and see if different configurations can be
found for p # 0.

If u= (¢, zy,(,yn) is the vector made up of the 2n + 2 coordinates then an equilibrium solution
of (4.2) is found by solving DH(u) = 0. The rank of the Hessian D?H (u) is usually 2n + 1 as seen
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from (4.3), but it is diminished, whenever the stability changes. The places where this happens is
determined by the eigenvalues of the given matrix. Except for two 3 x 3 submatrices the Hessian
is already in diagonal form. The Hessian (4.3) can be put into diagonal form with the help of an
additional noncanonical transformation.

The Hamiltonian function corresponding to the Hessian is

n—1 n—1
A
K =13 ordf+ 53 MG+ 52 +42) + an 10 — S19n) + BGa 1yn + C1n).
k=1 k=0
Recall that o, = \,,, 0y = 0 and A\, = \,,_g for k =1,...,n — 1. By completing squares we get

n—2 n—2
2 2
o= (St i+ S 0= 8 - Lot +4d)
k=2 k=2

[\)

01 2, On-1 o 2, A1 B 9, An-1 g 2
7(¢1 - U_ly”) + 9 (¢n—1 + U_lx”) + 7(C1 + )\_lxn) + D) (Cn—l + A_lyn) .

(n —1)22 4+ k(1 + 2)?
2(1 —22)2

zero and it happens at the values k = g;(z) with g; given by (4.8). It was shown there that the stability

of an equilibrium solution can not change at k = g1(z). Thus, we can assume that A\; # 0 for the

values of z and k which we will investigate. With this in mind we can use the following noncanonical

transformation to a new set of variables (1, x,,,&,yn) given by

can be

Since 01 = —(n — 1)/2 # 0 dividing by o7 is not a problem. But A\; = —

b = Yy, Ck =&k for k=0,2...,n—2,
VR B
$1 =1+ G Yn; Ga=& N
a
¢n71 = Q;Z)nfl - U_lxn’ Cn,1 = £n71 — A—lyn

This transformation brings the quadratic terms into the form

n—1 n—1

1 ~

k=1 (z TS S ESTEN yi)) 61
k=1 k=0

with 3

A= /<,;F2(Z, H)Ffﬂ(z? Kj)a

that is A = |ms| with the functions F, and F3 defined in (4.6) and (4.7). From (6.1) it is seen that
the rank of the Hessian changes when x = 0, or Fa(z,k) = 0 or F3(z,k) = 0, or A\, = 0 for k =
=0,2,3,...,n—2. As mentioned previously the case A\; = 0 has to be excluded. Also x = 0 has to be
excluded, since &, and ¢, are multiplied with x and x = 0 is a singularity of the differential equations.
Since A\,,_p = A for k= 2,... n — 2 it suffices to look at just half of these values. It also shows that
the rank of the Hessian is reduced by 2, except for K = 0. When n is even then for kK = n/2 the rank
of the Hessian is also reduced only by one. Thus, the values of k where a bifurcation is possible is
given by

—1)(1+ 22

Ko = _u(—zz) originating from Xy =0,

(1+2)

(n —1)2(22 —n — 2nz + nz?)
(2 —n+n2)(1+2)?
—(n—1)(1 +2%) + k(n— k)
(1+ 2)?

Kl = — originating from Fj3 =0,

K = originating from A = 0,
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with k =2,3,..., L%J the range of indices to be considered. There is one more value

(n—1)z

172 originating from Fy = 0,

B=—
where the Hessian is degenerate. For this value we only found the trivial solution to the bifurcation
equations, that is, no new configuration nearby. Therefore, we exclude it as an uninteresting case from
what follows.

The transformation used above destroyed the Hamiltonian nature of the given system. Since we
are looking for equilibrium solutions, that is, critical points of the Hamiltonian function, the same
critical points are also found in a noncanonical coordinate system. We can thus use an additional near
identity transformation to bring this function into Sylvester normal form. This transformation will be
carried out with the help of the Lie transformation of Deprit, see [10] and [18].

Let u = (¢, x,,§,yn) be the coordinate vector of the function K (u,pu), whose quadratic terms
are already in normal form. By rotating a given configuration by a fixed angle around the polar axis
another configuration is found. In order to remove this rotational symmetry we place the first vortex
on the x-axis, that is, we set ¢g = 0. It means that 1)y is determined by the other variables and
K (u, ) will not depend on 1. Thus, u has dimension 2n + 1.

Let € be a formal parameter and scale all variables including p by €. We then write

i
Ko(u p€) = Y S K (u, 1)
i=0

where K, (u,pu,1) = K(u,p) and K are homogeneous polynomials of degree i + 2 in the 2n + 2
variables of u and p. The Lie transformation of Deprit, see also [19], constructs a near identity change
of variables

u=u(v,p,€) =v+---

where u is the solution of a system of differential equations given by

d_u — e
de - W(’U,,,U,, 6)7 u‘EZO v.

The vector function W has the formal expansion
W (u, u, € Z Wz-i—l u, ).

In the new coordinates write

j .
K*(v, 1, €) = Ko(u(v, p,€), p€) = Y S K (v, 1),
j=0 """

<

The functions K, and K* are related by the double indexed array K ZJ , which agrees with previously
defined values when i or j are zero. The array can be computed iteratively via

K]+1 +Z( > [Kf:,i,WkH} ;

where [ , ] is the Lie derivative operator on functions given by
0K
K
[K,W] = Dy =—W.
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The transformed function is then obtained from K*(v,u,1). By selecting W; appropriately at each
step of the algorithm a normal form for K (u,u) can be achieved, where K consists of a sum of
quadratic terms, plus a function G, which starts with at least third order terms and whose variables
are determined by the nullspace of the Hessian. In catastrophe theory [24] this is called the splitting
lemma. It shows that finding additional critical points of K near the origin depends on finding
additional critical points of the function G. The Hessian is never degenerate with respect to the
angular variables 11 to 1,_1. It means that for any critical points of K the angular variables remain
unchanged, i.e. ¢ = -+ = ¥,_1 = 0. Stated differently it means that a new configuration which is
found by this bifurcation analysis near kj is obtained from the original one by displacing the vortices
along their lines of longitude.

For ko, and for k,, /o when n is even, the nullspace of the Hessian is one dimensional. Besides the
dependency on g the function G depends only on §p or on &, /5 in the second case. These two cases
can be treated completely for all values of n. We do this first before considering the more interesting
cases of the two dimensional nullspaces in the next section.

When the critical value of the vorticity at the north pole is k¢ and we set k = kg + u we find that
the function G has the form

G(&o, 1) = apés + bE) + hoot.,

that is the desired bifurcation equation appears already among the third order terms in the normalized
function. The coefficients a and b will depend on the parameter z and they can be found analytically.
Since all terms in K can be eliminated except those which depend on &y and p we can set

zj = z+&/Vn for j=0,...,n—1 (6.2)
w; =2mj/n for j=0,...,n—1
Tn =Y = 0

and find the third order terms in the functions (4.2). The function simplifies to

. . n—1
1 €0 \2 2m(j —4), | Ko+ p €o §o
H:—Zln(l—(z+—) )(1 = cos —5—=) + Zln(l—z——)—wn(z—i——).
22 Vi e Vi Vi
The third order terms then follow from
—1
Mln(l —(z+ 5—0)2)—i— KO—'—'unln(l —z— 5—O)

4 Vn 2 Vn

to give

B (n—1)& el
= NS L — -2y + h.o.t.

Besides the extremum when £y = 0 another one is found from G for small y when

v (1+2)°

T n—1(1+2)

G (o, 1)

€o w+ O(u?).

On the other hand (6.2) indicates that the latitude of all vortices of the ring is changed by the same
amount. The solution found is the same ring of vortices at a different latitude. The bifurcation
analysis has not given anything new in this case.

More interesting is the case when n is even, i.e. n = 2m, in which case we have

(m—1)2 - (2m — 1)22
(1+ 2)?

Knj2 = Km =
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The bifurcation equation will have the form

G (Ems ) = apél, + bEy, +hoot.

§m =/ —gpt+Ow). (6.3)

The function has an extremum at

It means that to first order

zj = z+ (=1)7&,/Vn for j=0,...,n—1
w; =2mj/n for j=0,...,n—1
Tn =Yn = 0.

The equations for the z;’s show that half of the vortices move north, the other half south. In other

words the original ring of 2m vortices splits into two rings at different latitudes with m vortices each.

The bifurcation into the two rings occurs either for p > 0 or u < 0 depending on the signs of a and b.

The coefficient @ in the function G(&,,, ;) can only come from what was called Hy and it is easily

computed to be a = —1/(4(1 — 2)?). The coefficient b can be traced back to third order terms in H,

which must have the factor ¢2, and to the fourth order term with &2, in H. Due to symmetries among

the required terms only the coefficient of £5&2, is nonzero in H. Let us call it b3 and the coefficient of
¢4 will be called by, so that the terms of interest in H are b3&p&2, + by&2 .

The normalization of these terms produces

2
b=— bf’ + by
20 m

_b3(1 - 22)?

D) + b47

where 5\0 stands for the eigenvalue A\ evaluated at k = k,,,. The coefficients b3 and b4 can be computed
with the help of Mathematica for a given value of m. Unfortunately the general formula appears to
be complicated so that we restrict ourselves to give (6.3) for a few values of m.

Casen =4:
—8(1 = 2%
= 1424/ ——,
&= ) 7+ 922
Casen==6:

— 54u
=(1+2)(1— 22 )
=+ )\/184 + 562 + 1525 — 7023 — 5024

Case n =8 :

54:8<1+z><1—z2>\/ N

559 + 180z — 3822 — 14023 — 4924

None of the denominators has a zero in the interval —1 < z < 1.

7. Bifurcations under symmetry

The Hamiltonian function H of (4.2) possesses symmetries which are not obvious in the variables
which are used in connection with the circulant matrices. With o = 27 /n the transformation is listed
here in some details:

zj =z + \/%(Co/ﬂ—i—cl cos ja + (o cos 2ja + -+ - + (p_28in 2ja + (1 sin jov)

pj = Jo+ \/g(cf)o/\/5 + @1 cos joa + g cos 2ja + -+ + Pn_gsin 2jo + Py sin ja)
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for j =0,...,n — 1. When replacing (; — —(n—; for j = [n/2] +1,...,n — 1 and leaving the other
(;’s unchanged we achieve z; — 2,_;. Similarly replacing ¢; — —¢; for j = 0,...,|n/2] we achieve
©j — @p—j mod 2m. If in addition we set x, — z, and y,, — —y, then the Hamiltonian function
(4.2) remains invariant. This symmetry will show up in the normal form when the nullspace is two
dimensional, that is in

G = G(xn, Yn, 1) and in G =G(&,8n—j, 1) for j =2,3,....

Both cases can be considered together in the function G = G(z,y,n) which has the symmetry
G(z,y,p) = G(x,—y, ). The discussion follows the one given in [20]. Let x = rcosp, y = rsine.
We can expect G to have the form

G =pir® +port + -+ qrlcosdp + - -

with the p’s and ¢’s functions of p and d > 2 a divisor of n. Generically we can expect these functions
to be different from zero. From the discussion of the Hessian we can expect to find p1(u) = aur?+- -
with @ a nonzero constant. We also expect that ¢;(0) = ¢ is nonzero and when d = 4 then with
p2(0) = b also b # ¢ will hold.
Three cases can occur:
Case d = 3:
G =apr® + crdcos3p+ -+ .

From 0G/0r = 0G/0p = 0 we find ¢ = 0,7/3,27/3,... and r = +2ap/(3c) + ---. Since in this case
1 can be positive and negative we can restrict ourselves to the solution with ¢ = 0, that is to

_2a
3c’u

€r =

+... y:0+-..

The other solutions can be obtained via rotations by a multiple of 7/3.
Case d > 5:
GZam’2+b7“4+---+crdcosd90+--- .

Besides the extremum for » = 0 others occur when ¢ = kn/d with £ = 0,1,...,2d — 1 and r =

= y/—au/(2b) + ---. Real solutions exist only for 4 > 0 when ab < 0 or for p < 0 when ab > 0.
Different solutions are found with & = 0 or £k = 1. The other solutions can be obtained from those via
a rotation.

Case d = 4:

G = aur® + (b + ccosdgp) + - - - .

New extrema can occur when ¢ = 0 or ¢ = 7/4. As before ¢ = kn/4 with k = 2,...,7 gives only
solutions, which can be found from the first two by a rotation. The derivative of G with respect to r
gives 2aur + 4r3(b £ ¢) + --- = 0. It now depends on the signs of b+ cand b—c. If b+cand b—c
have the same sign then new solutions are only found on one side of = 0. In the other case solutions
exist for p > 0 and for p < 0, but these solutions can not be considered to be a continuation of each
other, as was the case for d = 3.

For the function G(zy,yn, ) we found always that d = n, but for the other cases it was less
predictable what d might be. For larger values of n the complexity of the computations prevented us
from keeping z as a formal parameter, as one has to compute terms of order n in order to obtain the
required resonance terms. For n = 3 and n = 4 at most fourth order terms are needed and the two
cases could be handled with the help of Mathematica. These two cases are also typical examples for
the cases when d = 3 or d = 4.

For n = 3 we computed

3(14 2)4(1 — 32)3V1 — 22
822(1 + 32)2(9 + 20z + 3z2)“
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Of interest are the zeros and poles of this function in —1 < z < 1. The function is zero for z = 1/3,
that is where g3 has a pole. It indicates that no bifurcation is possible at this value of z. The poles
of r at z =0 and z = —1/3 can be an indication for the fact that the stability boundaries go and g3
intersect each other at these values. On the other hand it is surprising that the quadratic term in the
denominator of r has a zero at z = (—10 + 1/73)/3. This value inside —1 < z < 1 does not appear to
have any relationship to features of the regions of stability.

/

A

AY

Fig. 8. Dashed lines indicate original configuration at a latitude z = 0.6. Solid lines give new configuration,
drawn for a large value of ;. = 5.0 in order to show that the vortex at the north pole has moved, as indicated
by the small solid disk. The configuration on the right is drawn for u = —5.0

For n = 4 we also have one 2-dimensional null space and the resonance terms occur with d = 4.
Thus, we have from the bifurcation equations two values for 2. For the case ¢ = 0 we computed

g 4(1 —22)2(1 — 2)(1 + 2)7(1 — 1222 — 3223 — 122%)

- + - 7.1
32(1+42)(4 + 122 — 4822 — 21923 + -+ + 1548288219)“ (.1)

and for ¢ = m/4 we found

s B8(1—22)*(1—2)(1+2)7(1—4z—227)

= — 4 7.2
32(1 4 42)(8 — 82 — 7622 + - - - +44821) (7:2)

Of interest are the real roots in —1 < z < 1 of the numerators and denominators for r. Both
numerators are zero in this interval for z = 1/2 and z = (=2 + v/6)/2. The denominator of (7.1)
is zero when z is one of the values in the list (-0.8343, -0.5300, -0.3003, -0.25, 0). The zeros of the
denominator in (7.2) are given by one of the values (-0.3022, -0.25, 0, 0.264). All zeros indicate that
the bifurcation that existed on one side of the critical value of the vorticity now happens at the other
side.

For n > 4 we were not able to carry out the calculations with z kept as a formal parameter. The
expansion of the Hamiltonian function H into a sum of homogeneous polynomials proved to be too
time consuming, as terms through order n have to be included. Instead we selected a value for z from
the beginning, so that the coefficients of theses polynomials would be numerical values and could be
stored as floating point numbers in the computer. The computations were carried out with our own
algebraic processor Polypack. Not surprisingly the results look very similar to those obtained for the
planar problem in [20].

The computations in the planar case were considerably simplified by the use of complex variables.
The coordinates for the vortices on the sphere are given with real variables. We did not see a natural
way to simplify them with the help of complex variables. It means that for a given n we have
to manipulate twice as many variables as compared to the planar case and thus we could not go
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Fig. 9. Dashed lines indicate original configuration at a latitude z = 0.7. The kite and trapezoid on the left are
generated by the critical value k1. The rhombus comes from k.

Fig. 10. Dashed lines indicate original configuration for n = 5 at z = 0.4. Bifurcations at x;

as far in n as in [20]. Since the results look very similar to those in [20] it suffices to give here
just one sample. Figure 10 and 11 depict the bifurcations which are possible from the pentagon.
Numerical computations do not reveal where the solutions of the bifurcation equations may have
zeros or singularities unless one selects z to be exactly at one of these values. Nevertheless, the
absolute values of the coefficients give some indications.

8. Bifurcation from two vortices at a fixed latitude with a vortex at
the north pole

Although the equilibrium positions of three vortices on a sphere has been analyzed fully in [21], this
section is added for completeness sake and to show where the change of stability of an equilibrium
solution gives rise to another stationary solution. The Hamiltonian corresponding to the Hessian (5.1)
is

Hy = % (0167 + 023 + oG5 + MCF + Aay3) — adryz + BC1a (8.1)

where o1, Ag, and A\ follow from the formulas given early with n = 2, but now

a:’iivl_"ﬂ B=— K
V2(1 = 2) 2(1 — 22)(1 —z)
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Fig. 11. Dashed lines indicate original configuration for n = 5 at z = 0.4. Bifurcations at ko

and
K243z + k(1 +2)) Ny — k(z + 222 — k(1 + 2))
2(1 - 22) 2 2(1 — 22)

o9 =

are the values computed in Section 5 when n = 2. Again we complete squares in Ho and introduce
noncanonical variables this time by

) _e B
¢1 =1+ GrY2, G=%& e

with the other variables left unchanged. The quadratic terms of (8.1) are transformed into

2 2
K= % <01¢% + XAovE 4+ M3 4 (o9 — %)x% + (A2 - g_l)y%> :

When a coefficient of a quadratic term becomes zero the Hessian becomes degenerate and bifurcations
are possible. Obviously A; = 0 has to be excluded, due to our choice of coordinates. Since values of z
and xk where \; = 0 do not lead to a change of stability, this is not a restriction. Also x = 0 reduces
the rank of the Hessian by two, but this value has to be excluded due to the form of the differential
equations as was mentioned in Section 6.

The rank of the Hessian is reduced by two when

_z
1+ 2’

K =

but the bifurcation equations have only the trivial solution as was the case for n > 3. Another place
where the Hessian becomes degenerate occurs when A\g = 0. There the two vortices move to the same
latitude nearby, so that again it is not an interesting case. There is one more value

_ 2z + 322
(1+ 2)?

where the Hessian is degenerate and reduces its rank by one. The value corresponds to what was
denoted by k1 in Section 6. In this case we find by normalizing the function through fourth order,
that for © > 0 or p < 0 the vortex at the north pole can move to

(14 2)3 2(1 — 2%)(1 — 22 — 222
T2 = 2 3 1 5 6y’ y2 =0.
|1+ 22| 2(4+ 4z — 82° — 3z° + 42 — 22° + 42°)
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Fig. 12. Bifurcations when n = 2 as seen in the z — z plane. In original configuration the vortices are at the
end of the dashed line, and another one of strength x; at the north pole. In new configuration vortices are at
the end of the solid line, plus another one indicated by a small disk.

Since the z-axis always points to vortex 0, the whole configuration stays in the x —z plane as illustrated
in figure 12. With this the vortices remain on a great circle, which is one of the possibilities mentioned
in [21].

Since the position of the vortex at the north pole was given in Cartesian coordinates both signs of
the square root can be used. On the other hand the sign of u is determined by the value of the terms
under the square root as it depends on z in the interval —1 < z < 1. The sign of u has to change at
z = (=1 ++/3)/2, which is a zero of the numerator, and it has to change at z = 0, which is the only
real zero of the denominator. Also the value z = —1/2 causes difficulties. By looking at the stability
region in figure 7 it is not surprising that z = —1/2 and z = 0 are exceptional values. On the other
hand z = (—1 + v/3)/2 does not correspond to any special feature of the stability region.
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