
JOURNAL OF DIFFERENTIAL EQUATIONS 41, 228-238 (1981) 

Hamiltonian Systems with a Discrete Symmetry 

KENNETH R. MEYER 

Department of Mathematical Sciences, University of Cincinnati, 
Cincinnati, Ohio 45221 

Received October 3 1, 1980 

Iff: M--t M is an antisymplectic involution of a symplectic manifold A4 then the 
fixed set off is a Lagrangian submanifold L c M. Moreover there exist cotangent 
bundle coordinates in a neighborhood of L in M such that f in these coordinates 
maps a covector into its negative. Thus classical examples which have a discrete 
symmetry such as the restricted three-body problems are locally like a reversible 
system. 

1. INTRODUCTION 

The equations of motion of many physical systems are invariant under the 
action of a group due to the fact that the physical systems possess certain 
symmetries. In a previous paper by the author [ 5 ] systems which are 
invariant under continuous groups were considered (also see [4]). In this 
paper systems which are invariant under a discrete group (specifically Z,) 
are considered. Several typical examples are given in the next section but the 
main result of the paper is that one example is the prototype for them all. 
This prototype is a reversible Hamiltonian system on the cotangent bundle of 
a manifold. The transformation of the cotangent bundle which takes a 
covector into its negative is an involution which carries the natural 
symplectic structure into its negative and has the zero section as its fixed set. 
A reversible Hamiltonian system is invariant under this transformation by 
definition. In this paper we show that if f is an anti-sympletic involution of a 
symplectic manifold M then the fixed set Q c M is a Lagrangian 
submanifold (Theorem 1) and moreover there is a neighborhood 0 of Q in 
?-*Q, a neighborhood N of Q in M, a symplectomorphism @: 0 -+ N such 
that the pull back of the involution to 0 c T”Q is just the sign reversing 
involution (Theorem 2). Thus locally (about the fixed set) there are 
cotangent bundle coordinates so that a system invariant under an anti- 
symplectic involution is just a reversible system. 
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Since this type of symmetry occurs in many examples, it has been 
exploited by several authors in their investigations. Hill, Poincare, Moulton, 
Arenstorf et al., have found periodic solutions to the equations of celestial 
mechanics by using the symmetries of the equations. Indeed the results of 
this paper were suggested by the author’s work on the existence of periodic 
solutions of the N-body problem [6]. In fact some of the elementary results 
from this earlier paper are reproduced here, but the main result of this paper 
would have simplified the proof of [6] to some extent. 

The proof of the main result of this paper uses the methods developed by 
Weinstein in [9]. The author like to thank Professor Joel Robbin for his help 
in adapting the methods of [9] to the present problem. 

2. EXAMPLES 

The restricted three-body problem is defined by the Hamiltonian 

(1 -P> ~=llYll*/~-~~JY-,,u*~x,,-,,u2~x,,’ P-1) 

where x, y E IR*, 0 < ,B < 1, J= (-y i), a, = (,u - 1, 0), a2 = (u, 0). The 
phase space is (lR* - {a,, az}) x IF?* and has the usual symplectic structure 
Q = dx A dy = dx’ A dy’ + dx* A dy*. The equations of motion are 

i=Hy=Jx+y, 

Pl(U, - xl (1 -P>(U* - 4 
Y=-Hx=J~+~~ul-x~J3 + IJu2-xlj3 * 

(2.2) 

These equations describe the motion of a particle of zero mass whose 
position is x in a rotating coordinate which is attracted to two fixed bodies at 
a, and a, with masses ,u and 1 --y by Newton’s law of gravity (see [8] for 
an elementary discussion of this problem). This Hamiltonian is invariant 
under the transformation 

f: (x, Y) --f (Rx, --RY), 

where R = diag( 1, -1); that is, H of = H. Clearly f * = id and f*0 = -52, 
i.e., f is an anti-symplectic involution. The fixed point set of this involution is 
{(x1, 0, 0, Y’)}, w IC consists of all points of orthogonal crossings of the h’ h 
line of masses. A common method of finding periodic solutions to these 
equations (see [2, 6, 71) is to find a solution of the equations which crosses 
the line of masses orthogonally at times t = 0 and t = T > 0. An easy 
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argument which is repeated in a more general setting in the next section 
shows that such a solution is 2T-periodic. 

Classical mechanical systems give another class of examples. Let N be 
any manifold (usually embedded in iRk and called the configuration manifold 
or space), M= T*N the cotangent bundle of N (called the phase space), R 
the natural symplectic structure on M = T*N, rr: PM+ M the natural 
projection, V: M -+ IR a smooth function (the potential energy), K: rCN -+ [R 
a Riemannian metric on N {the kenetic energy) and H = K + V o 7~: T*N + [R 
andfi r’N-1 r*N: up--t -v,,. Clearly f * = id and f *a = -42 so f is an anti- 
symplectic involution whose fixed set is the zero section N c T*N. Since K 
is a quadratic form in cotangent vectors K of = K and so H of = H, i.e., H 
is invariant underJ 

This example is a special case of the more general class of Hamiltonians 
called reversible Hamiltonians. In a reversible system H: T*N-+ iR is an 
arbitrary smooth function satisfying H 0 f = H, i.e., H is even in the 
momenta. We shall show later that this example is the prototype. 

As another example, consider the N-body problem with Hamiltonian given 
by 

where 9, E IR2 is the position, pI E IR* is the momentum and mi E [R + is the 
mass of the ith particle. The usual symplectic structure is Q = C;“=, 
dq, A dp,. This Hamiltonian possesses several symmetries but we shall 
discuss only one type since it illustrates something new. As in the restricted 
problem H is invariant under the anti-symplectic involution $: (ql,..., q,,,, 
PI Y.., PN) --t (Rq, ,***, Rq,, -RpN). But H is also invariant under an SO, 
action. Consider the action 

F: SO, x R4N + [R4N 

: (A, (41 Y-,pN)) -+ (&I 9***, A&“). 

Let A E SO2 be fixed and FA = F(A, . ): II?~~ + [R4N. Then H o FA = H and FA 
is symplectic. Thus for each A E SO, the Hamiltonian of the N-body 
problem is invariant under the anti-symplectic involution f, = F;’ 0 f o FA . 

Since H is invariant under the SO, action F the equations of motion admit 
angular momentum J = CT=1 q1 x pt as an integral and so if c # 0 then 
J-‘(c) is an invariant submanifold. Note that both the SO2 action F and the 
E, action f leave J+‘(c) fixed. Also the flow defined by H and the SO, 
action F commute on J-‘(c) and so the flow defined by H is well defined on 
the orbit space of the SO2 action. That is, if we define an equivalence 
relation N on J-‘(c) by (ql ,..., p,J N (Aq, ,..., Ap,) for A E SO, then the 
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function H and the flow defined by H are well defined on the quotient space 
B = J-‘(c)/-. In fact B is in a natural way a symplectic manifold and the 
flow on B is Hamiltonian [5]. Since fA leaves J fixed f, : J(c)+ J(c) and the 
family {fA } of Z, actions becomes a single Z, action on B. 

3. THE SYMMETRY MANIFOLD 

In this section we show that the fixed point set of an anti-symplectic 
involution is a Lagrangian submanifold and we establish some basic results 
about symmetric periodic solutions. The notation and elementary facts of 
symplectic geometry used below can be found in [I]. Let (M, 8) be a 
symplectic manifold, where M is a smooth 2n dimensional manifold and J2 is 
a closed, non-degenerate two-form on M. For each p E M, let 0, denote the 
skew symmetric bilinear form on T,M defined by restricting R to 
TPM x TpM. Since fl is non-degenerate the map b: T,M+ TM: v, + 
fiP(vP, .) is an isomorphism. Let # denote the inverse of b and write 
b:v,-+v;, #:a,-ta;. A subspace W c T,M of dimension n such that 
J2,I W z 0 is called a Lagrangian subspace and a submanifold N c M such 
that TPN is a Lagrangian subspace of TPM for all p E N is called a 
Lagrangian submanifold. 

If H: M-t IF? is a smooth function then dH is a covariant vector field on M 
and dfl is a contravariant vector field. The vector field dHx is called a 
Hamiltonian vector field and H the Hamiltonian. 

Let f: M -+ M be a smooth involution, i.e., f2 = f o f = id, where id is the 
identity map of M. Also let f *0 = 42, where f * is the derivative operator 
on two-forms induced by fi so f is anti-symplectic. If H is invariant under ft 
i.e., H of = H, then we shall say that H admits f as a symmetry. Examples 
of such anti-symplectic involutions have been given in the previous section. 

Let Q = {p E M: f(p) =p}, the fixed set off, and call it the symmetry 
manifold off. We shall always assume that Q is non-empty. In the first 
example of the previous section the set Q is the set of all initial conditions 
which give rise to an orthogonal crossing of the line of masses of the 
restricted three-body problem. In a reversible system Q is the set of zero 
vectors or the zero section. The first set of lemmas prove that Q is a 
Lagrangian submanifold. 

Let (V, cu) be a symplectic linear space where V is a linear space of 
dimension 2n and o is a skew symmetric, non-degenerate, bilinear two-form 
on V. Let L: V-r V be a linear map and define (L*o) (u, v) = w(Lu, Lv). 

LEMMA 1. Let L: V + V be a linear map such that L2 = id and 
L*o = --co. Then & = {v E V: Lo = v } is a Lagrangian subspace. Moreover 
there exists a symplectic basis q, ,..., qN,pI ,..., pN for V such that & = 
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spank1 ,..., qN}, Lq, = ql, Lp, = -pi and the matrix representing L in this 
basis is diag(1, , --I,). 

Proof: Since L2 = id the only eigenvalues of L are f 1 and L is semi- 
simple. Thus V = N, 0 IV-, where N, (resp. ZV-) is the space of all eigen- 
vectors of L corresponding to the eigenvalue + 1 (resp. -1). Let La = ECI, 
L/3 = ep, where E = f 1. w(a, /3) = -(L*o)(a, /3) = -o(La, L/?) = --E2W(a, p). 
Thus ~(a, /?) = 0 so o JN, = 0 and w(N- = 0. Since V is the direct sum of 
N, and NW these two subspaces are Lagrangian. By the preliminary results 
of [3] there exists a symplectic basis ql,...,qH,pl,...,pN such that N, = 
span@? r ,..., qN) and N- = span(p 1 ,...,I)& therefore the lemma is established. 
(Also see Lemma 5 below.) 

Let 0, and 0, be open neighborhoods of the origin in Rk and F: 0, -+ 0, a 
C’ map which fixes the origin and F* = id. Let DF(0) =A, the k x k 
Jacobian matrix of F at the origin, so F(x) = Ax t Q(x), where @p(O) = 0 
and D@(O) = 0. 

LEMMA 2. The change of coordinates y = g(x) = x t fA Q(x) reduces F 
to a linear map. That is g o F o g- ‘: y + Ay. 

Proof. Since F2 = id, A@(x) + @(Ax t Q(x)) = 0. Using this one checks 
directly that g o F = Ag, where g is defined in the lemma. Since FZ = id, A is 
non-singular and so by the inverse function theorem g-’ exists in a 
neighborhood of the origin. 

LEMMA 3. In a neighborhood’of the origin the fixed point set of F is an 
l-dimensional manifold, where 1 is the dimension of the eigenspace of A 
corresponding to the eigenvalue t 1. 

Proof. The lemma is obvious for linear maps and the general case is 
reduced to the linear use by Lemma 2. 

THEOREM 1. Let f be an anti-symplectic involution of a symplectic 
manifold M, then the symmetry manifold Q is a Lagrangian submanifold. 

ProoJ By Lemma 1 the linearization off at a fixed point has an n 
dimensional eigenspace corresponding to the eigenvalue t 1 so by Lemma 3 
the symmetry manifold is locally an n dimensional submanifold. Clearly the 
tangent space to the symmetry manifold is the subspace of the total tangent 
space which is fixed under the derivative of f which by Lemma 1 is 
Lagrangian. 

Now let H be an f invariant Hamiltonian. The next lemma shows that Q is 
the natural generalization of the set of orthogonal crossings of the line of 
masses in the restricted problem. 
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LEMMA 4. If r(t) is a solution of dH# such that y(O) E Q and y(T) E Q 
for some T > 0 then y(t) is 2T-periodic and the orbit of y is invariant underf. 

Proof: Since H is f invariant and f is anti-symplectic dI-Z(f (x))“= Of(x) 
dH(x)# for all x E M. Let d(t) = f (y(2T - t)) so 

d(t) = -Df (y(2T- t)) j(2T- t) 

= -Df (y(2T - t)) dH(y(2T - t))# 

= dH(f (y(2T- t)))” 

= dH(G(t))#. 

Thus d(t) and y(t) are both solutions of dH# and are equal when t = T, 
therefore by the uniqueness theorem for ordinary differential equations 
f (y(2T - t)) = d(t) = y(t). Thus f (y(0)) = y(O) = ~(273 which implies y is 
2T-periodic. 

4. COTANGENT BUNDLE COORDINATES 

In the previous section we showed that an involution can be linearized 
locally, but the change of coordinates was not symplectic even when the 
involution was anti-symplectic. In this section we show that an anti- 
symplectic involution can be globally linearized by introducing cotangent 
bundle coordinates. Weinstein [9] showed that there exists a neighborhood N 
of a Lagrangian submanifold Q of M and a neighborhood 0 of the zero 
section Q in T*Q and a symplectomorphism @: 0 -+N. 0 inherits its 
symplectic structure from the naturally defined one on T*Q. We prove that 
this construction can be carried out in such a manner that @ of o @: 0 --) 0: 
ap-+--ap. Thus the antisymplectic involution when written in these 
cotangent bundle coordinates takes a covector into its negative. This means 
that reversible systems are the prototype of systems admitting the discrete 
symmetries considered in this paper. The specific result of this section is 

THEOREM 2. Let f be an anti-symplectic involution of a symplectic 
mantfold (M, C!) and Q the symmetric mantfold off as given by Theorem 1. 
Let T be the natural symplectic structure on T*Q and g: T*Q --t T*Q: 
aP -+ -aP. Then there exists a neighborhood 0 of Q in T*Q, a neighborhood 
N of Q in M and a dt@eomorphism @: 0 -+ N such that 

(1) @ is symplectic, i.e., @&I) = r, 
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(2) the following diagram commutes: 
K o-o 

0 I I 0, 
f N-N 

Proof Let P’ be a Riemannian metric on it4 and define a new 
Riemannian metric P on M by Pr(x, y) = j(P#, y) + P&,&(x), f*(y))} 
where p E M, x, y E T,,M and f* : T,M-+ Tfb,M is the derivative of J 
Clearly P is f invariant and so f maps the geodesics of P into geodesics. Let 
exp be the expotential mapping defined by P; so 

where vg E T,,M. 

f (ev,(v,)) = exp~b,(f&,))y (4.1) 

There exists a fiber preserving mapping J: TM+ TM such that J* = -id 
and J is skew symmetric with respect to P, i.e., 

P(Jx, y) = -P(x, Jy), (4.2) 

and also 

P(Jx, y) =0(x9 Y). (4.3) 

(See [l, p. 173.) 

LEMMA 4. Jf* + f*J= 0. 

Proof. P(f,Jx, f* y) = P(Jx, Y) = 0(x, y) = -a(f*x, f,y) = -P(Jf,x, 
f* y). Since P is non-degenerate and f* is onto, the first and last terms being 
equal imply f*J = -Jf* . 

At each p E Q we have shown that T,Q is a Lagrangian subspace. Define 
D, = J(T,Q) and D = Upea D, with the obvious vector bundle structure. 

LEMMA 5, D, is the Lagrangian complement of T,Q in T,M. Moreover 
T,Q (resp. D& consists of all the eigenvectors off* corresponding to the 
eigenvalue + 1 (resp. - 1). 

Proof Let x, ,..., x, be an orthonormal basis of T,Q so that 
P(xl, x,) = 6,. Now y1 = Jx, ,..., yN = JxN is a basis for Dr. Since T,Q is 
Lagrangian 0(x,, x,) = 0, so J2(y,, y,) = O(Jx,, Jx,) = P(J’x,, Jxj) = 
-P(q, Jxj) = -P(Jx,, x,) = -$2(x,, xt) = 0. Thus D,, is Lagrangian also. 
Moreover since 0(x,, yj) = 0(x,, Jx,) = P(Jx,, Jx,) = P(xl, x,) = 6, the 
vectors x, ,..., xN, y1 ,..., yN form a symplectic basis for TpM. Clearly 



HAMILTONIAN SYSTEMS WITHA DISCRETE SYMMETRY 235 

f*xi = xI by definition of Q and by Lemma 4 f*vi = f*Jx, = Jf*xi = 
-Jx, = -yi. 

Define w, : D 3 M: dp + exp,(d,) and g, : D + D: dp + -dp. 

LEMMA 6. There exist open neighborhoods 0, of Q in D and N, of Q in 
M such that (1) g,(O,) = 0, and f(N,) = N,, (2) y1 : 0, + N, is a 
d@omorphism and (3) the diagram 

commutes. 

Proof. 

f 0 v(d,) =f 0 eq,(d,) = ev,ti,<f*(d,)) 

= exp,(-d,) = r&-d,) = w 0 gr(dJ 

By the implicit function theorem there exists neighborhoods 0: of Q in D and 
N; of Q in A4 such that I,Y: 0; --t N; is a diffeomorphism. Define 
N, = N; nf (N;) and 0, = 0; ngr(O;). Clearly the three properties of the 
lemma now hold. 

Define V: T*Q + TQ as the vector bundle isomorphism induced by the 
Riemannian metric P. Thus D, = J(T, Q) = J(v(T,*Q)) = J 0 v(T,*Q). Since J 
and v are vector bundle isomorphism B = (Jo v)-’ is a vector bundle 
isomorphism of T*Q onto D. Define wz = Z 0 w1 and g: T*Q+ 
T*Q: ap -+ -up. 

LEMMA 7. There exists open neighborhoods 0, of Q in T*Q and N2 of Q 
in M such that (1) g,(O,) = 0, and f (N2) = N2, (2) yz : 0, --f N, is a 
dSffeomorphism and (3) the diagram 

0, -5 0, 
*2 I I @2 

N2 2 N2 

commutes. 

ProojI Define 0, =5-r (0,), N2 = N,. The lemma then follows from 
Lemma 6 and the fact that S is a linear map on fibers. 

The map w2 of Lemma 7 may not be symplectic and so we follow the 
arguments of Weinstein [9] to overcome this diffkulty. Let 0, be the pull 
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back of the symplectic form 0 of M to T*Q by the diffeomorphism vz so 
I&@) = a,. Since f*J2 = -n by Lemma 7, g*(fl,) = -R,. Let Q, be the 
standard symplectic structure on T*Q and since g reverses covectors 
g*(.c!,) = 4,. Note that Q c T*Q is a Lagrangian submanifold with 
respect to both symplectic structure. Define R, = R, + t(fl, -n,) and note 
that 0, is a symplectic structure on some neighborhood of Q in T*Q for 
O<t<l. 

LEMMA 8. There exists a one-form /3 such that d/3 = R, - l2, and 
g*/? = -p. 

Proof. 0, is closed and 0, is exact by construction. But R, is actually 
closed since R,] Q z 0 (hence a,, is closed on Q) and Q is a homotopic 
retract of T*Q. Thus there exists a one form a such that da = R, - 0,. 
Define p = f(a - g*a) so 

d/l = $(da - dg*a) = f(da - g*da) 

=f(R,-a,-g*[121-n,])=n,-n,. 

Clearly g*/? = -p. 
As noted before fl, is non-degenerate on a neighborhood of Q for all 

0 < t < 1 and so for each 0 < t < 1 the form R, defines a linear operator (the 
sharp operator) from the cotangent space to the tangent space for each point 
in this neighborhood of Q. Following Weinstein [9] we define a time 
dependent vector field Yl by 

or 

Yt = a;‘(p), 

where .n’;’ is the sharp operator defined by 0,. This time dependent vector 
field is zero on Q and so the solutions can be extended to the interval 
0 < t < 1 by further restricting the neighborhood of Q. Let c,(c) be the 
solution of Y, such that r 0 (c) = c, i.e., 

s cc> = Y,(M)), cm = 6. 
By the remark given above and the theorems on the smoothness of solutions 
of ordinary differential equations the map r= cl is a diffeomorphism of a 
neighborhood of Q onto a neighborhood of Q which fixes Q. By the same 
computation as founded in Weinstein [9] we have r*(J2,) = 8,. 
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LEMMA 9. g*Y,=Y,,<og=go& 

Proof. By definition of Yt 

fJ,(Y,, u) = -P(u), 

where u is an arbitrary vector field defined near Q. Applying g to this 
formula gives 

g*R,(g*yt9 g*u) = -g*P(g*u)P 

-a,(g*y,, g*u) =P(g*u), 

fJ,cg*yt, g*u) = fi,(y,g*u). 

But since 0, is non-degenerate, g is a diffeomorphism and u is arbitrary this 
last formula implies g* Yt = Y,. 

Now dcf Jdt = Yl o & and 6 = id. Define N1 = g o & o g so n, = id and 

=Dg-Y,o{,og 

=g*yt”go &ok? 

= Y,o Nt. 

Thus & and Nt satisfy the same differential equation and the same initial 
condition so & s Nt and g o < = c o g. Let 0, be a neighborhood of Q in 
r*Q, where r-r is a diffeomorphism into 0, of Lemma 7 and define 
0 = 0, n g(0,). Thus r-‘: 0 -+ 0,) g(0) = 0 and the diagram 

og.0 
I-’ I I l-1 
0, -L 0, 

commutes. Let @=w20r-l and N=@(O)cN,cM so @ is a 
diffeomorphism of 0 onto N, the diagram 

O-LO 

commutes and Q*(Q) = r-‘*(w:(n)) = <-“(n,. Since n, = r of the 
statement of the theorem the proof is finished. 
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