NOTES ON DELAUNAY AND POINCARE ELEMENTS
CLARISSA HOWISON AND KENNETH R. MEYER

ABSTRACT. This set of notes defines the Delaunay elements of celestial mechanics in two
and three dimensions. It establishes the conditions for a doubly periodic orbit in these
elements.

1. INTRODUCTION

The are many questions about polar type coordinates in celestial mechanics that have
bothered me over the years. The treatment in many of the standard texts is rather poor.
These notes contain a set of miscellaneous remarks and results about action-angle variables,
Poincaré’s Center Theorem, Delaunay and Poincaré variables in two and three dimensions.
All the results contained here are well known to those who know them and nothing is new
except may be the treatment.

2. THE ACTION VARIABLE FOR A NONLINEAR OSCILLATOR

In this section I discuss action-angle variables for a one degree of freedom Hamiltonian
system near a center. Also I discuss the classical generating function, normalization at a
center and give a symplectic form of Poincaré’s Center Theorem.

2.1. The action-angle variables. Consider a Hamiltonian H(z,y) defined in a neighbor-
hood of the origin in R?, such that the origin is a center for the Hamiltonian flow. Thus
the origin is encircled by periodic orbits. Assume that the origin is a local minimum of H,
and H(0,0) = 0. We seek symplectic action-angle variables (L, ¢) where ¢ is an angle defined
mod 27 and the Hamiltonian is to be of the form H(L,¢) = Q(L).

Let R(h) = the component of {(z,y) € R? : H(z,y) < h} which contains the origin. Since
dz N\ dy = dL N d¢ we must have

// dac/\dy:// dLNdl =2nL
R(h) R(h)

1 1
L:—// de Ndy = — xdy.
2m R(R) 2m OR(R)

Thus the variable L is just the area of the region R(h). The last integral in the formula for
L is classically called the ‘action’. Since the equations of motion in the new coordinates are

or

(1) L=0  {=-Q(L)
L is a constant and ¢ = £y — '(L)t. Thus ¢ is a scaled time, scaled so that it is 27-periodic.
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2.2. The equation for the Hamiltonian. Let the period of the orbit be p(h). We wish to
find symplectic variables (L, £) defined in a neighborhood of the origin with ¢ an angle defined
mod 27 and L is its conjugate momentum so that the Hamiltonian becomes a function of
L alone. With H = Q(L) the equations become (1). Thus the period of the orbit is
2n/ | /(L) |. Therefore, we must have

2m
T = £
;. 2m
2) V=t

The differential equation above defines the function (L) in terms of p(h). The sign is chosen
so that +27 /(L) is positive (the period).

2.3. Example-the Kepler Problem. In the Kepler problem H = —1/2s, P = 2ms%/?
where s is the semi-major axis. So p(h) = 727 Y/2(—h)~3/2. Thus the equation to solve is

O = 23/2(_9)3/2‘

Separating variables gives

(—Q)73/2d0 = 2°/%dL
(—Q)_l/2 =212y,
Thus the Hamiltonian must be

(3) Q=—1/2L%

2.4. The generating function. Now consider the Hamiltonian system

2

where xf(z) > 0 for 0 < x < xg, so the origin is a center. So for small positive h the set
H = h is a closed orbit. Since ¢ is constant, £ is a constant multiple of time, ¢, in particular

=ty — Y (Lo)t. In order to fix initial conditions, let ¢ and ¢ be measured from the positive
z-axis. A one degree of freedom Hamiltonian system is integrable up to ‘quadrature’. To
this end, let a denote the point on the positive z-intercept of H = h, so F(a) = Q(L). From
the equation

(@) H=Y 21 F@), F)= /0 " F(rydr

1

§y2 + F(:c) =h
solve for y
y = Z—f = +{2h — 2F (z)}*/?

separate variables

dt = +{2h — 2F (z)}'?dz
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and so

b} t==+ .
) | @ere
The angle ¢ is —§¥(Lg)t. The orbit is swept out in a clockwise direction, so if the angle ¢
is to be measured in the usual counterclockwise direction for small ¢ and ¢, the minus sign
should be used in (5).

To construct the symplectic change of variables consider the generating function

(6) Wi L) = [ "(20(L) — 2P (6)} V2
with oW
y= 0 = (20(1) ~ 2P (2}
S+ F(2) = (L)
and

)d§

L =—{20(L) — 2F( }1/2 B LO s 2F( Rt

= —tQ'(L).
(The first term in the formula for ¢ is zero by the definition of a.) Thus the change of variables

is symplectic. We shall call these variables action-angle variables (for the Hamiltonian H).
If H= (2®+%?)/2, the usual harmonic oscillator, then ¢ = tan~!(y/x) and L = (2* + y?)/2.

2.5. Normalized rectangular variables. Go back to ‘rectangular’ coordinates u, v by
u = (2L)"*cos?, v = (2L)"?sin (.

One computes that du A dv = dL A df¢ so this change of variables is symplectic also. The
Hamiltonian becomes

(7) H(u,v) = Q((u* +v?)/2).

Question: Is the symplectic change of variable (z,y) — (L,f) — (u,v) smooth/analytic at
the origin?

To answer this question let us investigate the smoothness of the period function. If F' is
an even function (the force function f is odd) then the quarter period is

dg
{2F(a) — 2K}/
(If F' is not even then the half period is made of two such integrals and so the present

discussion can easily be carried over to that case.) Assume that F' has a power series
expansion of the form

2F () = ax® + -+ -, a>0
x small. Note that the lowest order term is ax? which insures that the origin is a center.
Write
2F(a) — 2F(z) = (a — z)G(a, x)
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where G(a,a) = 2aa+- - -. We have factored out the zero of 2F(a)—2F(x) and so G(a,x) > 0
for 0 < x < a, asmall. In the integral for T’ make the change of variables u? = (a — ) /a so

! du ! du
T=2 =9 -
a/o {aG(a,a(l —u?)}1/2 /0 H(a,u)/?

aG(a,a(l —u?) = a*H(a,u),
and H(a,u) is analytic in both variables, H(0,u) = 2a+--- and H(0,u) > 0 for 0 <u <1,
S0

where

1 du
T — .. —9o | = ,
Baen B=2 [ g >0
Thus I have shown:

Lemma 2.1. If the system (4) is analytics and F(z) = ax® + -+ ,a > 0 then the period is
analytic in and T(0) =3 >0 .

However, I would like to prove:

Theorem 2.1. Let the system (4) be analytic and F(x) = az? + -+, > 0. Then the
system can be transformed to the analytic normal form (7).

2.6. A Symplectic Poincaré’s Center Theorem. Consider an real analytic system with
an equilibrium at the origin of the form

8 b=yt

Y
Poincaré’s Center Theorem [3, 6] states that if (8) can be formally transformed to a system
of the form

:_x_i_...‘

(9) = u{l+ f(u®+0v?)}, 0= —v{l + f(u*+ v},

by a formal change of variables of the form v = x+---, v = y+--- then there is an analytic
change of variable of the same form which takes (8) to (9). That is, if the system is formally
a center then it is analytically a center. Equation (9) is the standard normal form for a
center.

There are two caveats. First, since the formal transformation carrying (8) to (9) is not
unique the formal transformation may not be the same one that Poincaré proved to be ana-
lytic. Second, even though the original system (8) is Hamiltonian the analytic transformation
may not be symplectic. In this section, we shall over come the second problem.

Theorem 2.2. If equation (8) is analytic and Hamiltonian then it can be normalized by an
analytic, symplectic, near identity transformation. That is, if (8) is an analytic system with
Hamiltonian of the form

(10) Hw,y) = 5 +47) + o

there is an analytic, near identity, symplectic change of coordinates (x,y) — (&,m) such
that the Hamiltonian becomes

(11) H(n) = K(E+1)/2), K(s)=1+---
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Proof. Let g be the analytic transformation of the form v = x+---, v = y+--- which takes
(8) to (9), see [3, 6]. Then g takes the symplectic form Q = dz A dy to Q = h(u,v)du A dv
where h is analytic and h(0,0) = 1. The w,v flow preserves 2 = h(u,v)du A dv and the
circles u? + v* = constant, so Q = s((u* + v*)/2)du A dv, s(0) = 1.

Change to action-angle coordinated (I,0), I = (2% + y*)/2, § = tan~'(y/x) so the form
becomes Q = s(I)dI A df. Define

and change coordinates by J = S(I). This last change of coordinates is analytic in the
rectangular coordinates, preserves the form of the equations and take the form €2 to dJ A d#.
Thus, Hamiltonian has been normalized by a symplectic change of variables. 0

3. THE PLANAR KEPLER PROBLEM

In this section the ideas of the previous section are used to create action-angle variables
for the Kepler problem (the central force problem with inverse square law attraction.) These
variables are called Delaunay elements, named after the French astronomer of the last century
who used these coordinates to develop his theory of the moon. Delaunay elements are valid
only in the domain in phase space where there are elliptic orbit for the Kepler problem. I
follow Poincaré to give a set of variables which are valid in a neighborhood of the circular
orbits. These are the Poincaré elements.

3.1. Delaunay elements for the planar problem. The Hamiltonian of the Kepler prob-
lem in symplectic polar coordinate (7,6, R, ©) is

1 ©2 1
H=— 2,2 L -
2{R+r2} r’

see [4]. Angular momentum, ©, is an integral so for fixed © # 0 this is a one-degree of
freedom system of the form discussed above, except the origin of the center is at r = © (the
circular orbit). Set H = —/2L* and solve for the r value of perigee (when R = 0) to get
that a = L[L — (L? — ©2)'/2]. Note that L? > ©% and L = +0 corresponds to the circular
orbits of the Kepler problem. By the discussion given above we should use as our generating

function
T @2 2 1 1/2
W)= [ {-5—2 +2- L—} €
so H=—1/L? L =0, {=1/L3 {is known as the mean anomaly and is measured from
perigee.

To change to Delaunay variables (¢, g, L, G) we use the generating function

G2 o2 1)Y?
W(T,G,L,G)—GGJr/a {_?+E_ﬁ} de
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F1GURE 1. Delaunay angles in the planar problem.

where a = a(L,G) = L[L — (L? — G?)/?]. Thus

p_ W _ [ @ 2 1 12
- or r2 r L2 ’
ow
O= —= G
00 ’
1/2 r 2 —-1/2
(12) 0 ow G* 2 1 oa / G- 2 1 3
- - ==z = Ty deL=3 =
oL a2+a L? 8L+a §2+§ L? ¢
t/L3,
ow e 2 1\ G
= —=10 _— - - = 2 lde=0—
1= G o [ eri )y (8)emo-d
G = 0O, so G is angular momentum. The expression for R implies that H = —1/2L? as
is expected. The first quantity in the definition of ¢ is zero by the definition of a and the
integral in the second quantity is just time, t. So ¢ = —t/L3 where t is measured from

perigee, so ¢ is measured from perigee also. Recall that to change independent variable from
t (time) to f (true anomaly) in the solution of the Kepler problem we set df = (0 /r?)dt =
(G/r*)dt. Thus since dt = (—G?/€2 +2/€ — 1/L?)~Y/2d¢ the integrand in the definition of g
is just df, and the integral gives the true anomaly, f, measured from perigee. Thus g =6 — f
is the argument of the perigee. See Figure 1

3.2. Poincaré elements for the planar problem. The argument of the perigee is clearly
undefined for the circular orbits; so, Delaunay elements are not valid coordinates in a neigh-
borhood of the circular orbits. To overcome this problem Poincaré introduced what he call

Kepler variables, but which have become known as Poincaré elements.
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Recall that L? > G? is the elliptic domain and L = £G corresponds to the circular orbits.
Using the ideas in Subsection 2.5 to go from action-angle variables to rectangular variables
one should make the symplectic change of variables

Qi=Cl+g, Qi={2(L—G)}?cos,
(13)
P =1L, Py = {2(L — G)}'/?sin .

()1 is an angular variable defined mod 27 and P; is the conjugate radial coordinate; Q)o, P»
are rectangular coordinates with Q)3 = 0, P, = 0 corresponding to the circular orbits of the
Kepler problem.

The Hamiltonian of the Kepler problem in Poincaré elements becomes

1
H=——.
Py

4. THE SPATIAL KEPLER PROBLEM

Usually the three dimensional Kepler problem is reduced to the planar problem because
conservation of angular momentum implies the motion takes place in a plane perpendicular
to the angular momentum vector. However, now I want to give action-angle type variables
for the three dimensional problem. So it is necessary to look at the Kepler problem in three
dimensions. Once the three dimensional Kepler problem is understood, the three dimensional
Delaunay variables can be given.

4.1. The Kepler problem in spherical coordinates. Before we discuss Delaunay coor-
dinates in three dimensions we need to solve the Kepler problem in spherical coordinates
(p,0,¢), the radius, longitude, and azimuth. The standard definition of spherical coordinates
is

(14) x = psin¢cosb, y = psin¢sinb, 2 = pcos .

To extend this point transformation use Mathieu generating function

S = Xpsingpcosh + Ypsin¢psind + Zpcos ¢,

SO
P = g—i: Xsingcos+ Ysingsind + Zcosop = (X +yY +22)/p = p,
(15) 0= 2= —Xpsingsinf + Ypsindcosd = —Xy + Yz = p26
o = %: Xpcosgcosd +Ypcospsind — Zpsing = p? cos? ¢o.

Thus R is radial momentum, and © is the z-component of angular momentum. From these
expressions compute

Z = Pcos¢ — (®/p)sin ¢,
Psing + (®/p)cosp = X cosf + Y sin 6,
O/(psing) = —X sinf + Y cos 6.
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From the last two formulas compute X2 + Y? without computing X&Y . You will find that
the Hamiltonian of the Kepler problem in spherical coordinates is

o2 0?2 1

16 H = PPy — 4 —— =

(16) 2{ _%ﬁﬂ_%p2$n2¢} p
and the equations of motion are

o2 ©? 1
p=Hp=P, P=—-H,=— —— —
p> pising p
. /o) .
p?sin® ¢
) Sk
P Y T (e
p? sin® ¢

(18) @:(Q2+&>

We shall show that G is the magnitude of total angular momentum.
4.2. A plane in spherical coordinates. The equation of a plane through the origin is of
the form ax + By + vz = 0 or in spherical coordinates

asingcosf + Bsingsinf + ycoso =0

or

(19) asin(d — 6y) = beot ¢.

Let the plane meet the x,y-plane in a line through the origin with polar angle § = Q (the
longitude of the node) and be inclined to the z, y-plane by an angle i (the inclination).

When 6 = Q,¢ = 7/2 so we may take 6y = 2. Let ¢,, be the minimum ¢ takes on the
plane, so ¢, +1 = 7/2. ¢y, gives the maximum value of cot ¢ and sin has its maximum
value of +1. Thus from (19) a = bcot ¢, or asin¢,, = bcos¢,,. Take a = cos ¢, = sini
and b = sin ¢,,, = cosi. Therefore, the equation of a plane in spherical coordinates with the
longitude of the node §2 and inclination i is

(20) sinisin(f — Q) = cosi cot ¢.

4.3. The equation of the invariant plane. Use (18) to solve for & and substitute it into
the equation for ¢, then eliminate p? from the equations for ¢ and 6, to obtain

(b:g: o ? 1/2i: o 02 12 [ sin? ¢f
p? sin? ¢ p? sin? ¢ ) '

Separate variables and let § = 2 when ¢ = 7/2, so that  is the longitude of the node. Thus
8




—~1/2
/d){c;?— -~ } sin”* ¢do) = /9@—1d9=<9—9>/@
; Q

sin? ¢

_@—1/ {BZ . u2}_1/2du _
0
O !sin~!(u/B) =
The first substitution is u = cot ¢ and 3 is defined by 3% = (G* — ©%)/©2%. Therefore,

—cot ¢ = £fsin(d — Q).

Finally
(22) cosicot ¢ = sinisin(f — Q)
where
G* — ©? sin? i
2 2
(23) B :T:tan Z:COSQZ..

Equation (22) is the equation of the invariant plane. The above gives © = £G cosi. Since i
is the inclination and © is the z-component of angular momentum this means that G is the
magnitude of total angular momentum. In the above take 6, to be €2 the longitude of the
node.

4.4. Delaunay elements in three dimensions. We shall change from spherical coordi-
nates (p, 0, ¢, P,O, ®) to Delaunay elements (¢, g, k, L, G, K) where the first three variables
are angles defined mod 27. Consider the generating function

o) K2 1/2
W(p797¢aL7G7K): 0K+/ {GQ_ s 2 } d§—|—

/2 sin“

P(oG2 2 1)Y?
[einf

where a = a(L,G) = L[l — (L? — G*)]. The change of coordinates is
9
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oW G2 2 1\
P= — = _t - — —
dp P> p L?
oW
0= -5 =K
2 1/2
o= W e K2
0¢ sin® ¢
10% r(Ggr o2 1)V
(25) = . :/ {_§_2+E_ﬁ} dEL = —t/I°
oW o, K27V (e 2 1" /e
e —‘/W/Q{G‘sm} ai- [{-Gi-np (8)e

—o—f

ow ¢ K2\ K
EF= — —§— G? — —— | d¢ = Q.
oK /,r/Q { sin? ¢ } (sin2 C) ¢

Since © = K, K is the z-component of angular momentum, the expression for & gives
that GG is the magnitude of total angular momentum, and the expression for P insures that
H = —1/2L* (= —t/L? where t is measured from perigee, and so ¢ is the mean anomaly.
The integral in the definition of & is the first integral in (21), so k = 6 — (6 — Q) = Q the
longitude of the node.

The first integral in the formula for g is integrated as follows.

¢ K2 -1/2 é cos? i) "2
G? — Gd¢ = 11— —— d
/F/Q { sin® (} ¢ /TF/Q { sin® C} ¢

B /¢ sin Cd(¢
x/2 \/sin® ¢ — cos? i

cos ¢ du

= - U = cos(
0 V1—u2—cos?i ( )
cos ¢ du

0 Vsin?i — u?

.y fcoso
= —sin —
sin ¢

= —0.
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FIGURE 2. The definition of o.

Therefore,
sin(w/2 —¢)  siny
sin osing

The angle o is defined by the spherical triangle with sides (arcs measured in radians)
0, v = w/2 — ¢, o and spherical angle i. Recall the law of sines for spherical triangles and
see Figure 2.

Thus ¢ measures the position of the particle in the invariant plane. Since f is the true
anomaly measured from perigee in the invariant plane ¢ = ¢ — f is the argument of the
perigee measured in the invariant plane.

sino =

5. DELAUNAY ELEMENTS USING ARNOLD’S THEOREM

The material in this section is adapted from the Moser-Zhender notes [5]. First a few
general results which are easy to verify.

Lemma 5.1. Let F,G, H : R*® — R! be smooth, then
{FG,H} = F{G,H} + G{F,H}.
Lemma 5.2. Let s : R! — R! and H : R*™ — R! be smooth. Then the flow dK# where
K = s(H) is a reparameterization of the flow dH# where
dK# :  du/dt = JgradK, dH? : du/dr = JgradH
and dr = §'(H)dt. In particular, if an periodic orbit has a t-period of p then it has a T-period
of s'(H)p(H).
Return to three-space and let angular momentum by denoted by
A=rxR=Aq1+A,)+ Ak

An easy calculation shows:
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Lemma 5.3. {A,,A,} =A4,, {A., A }=A4, {4,A}=A4A,.
Define three functions L,G,K by

(26) L=1/(=2H)"?  G=||A|, K=A,

where in (26) H is the Hamiltonian of the Kepler problem. G and K are defined on all of
RS but L is defined on the open subset of R® where H is defined and negative.

Proposition 5.1. L, G, K are in involution.

Proof. {H,G} = {H,K} = 0 since G and K are integrals of the flow dH#. Reversing the
roles this means that H and hence L is constant on the trajectories of dG# and dK#, thus
{L,G} ={L,K} =0. Now {G* K} = {A2+ AL + A2, A.} = 24, {A;, A.} +2A,{A,, A.} +
24 {A,, A} =2A,(—A,)) +24,(A,) =0. O

Let © denote the open domain in R® where , G> > K? > 0 and all orbits of dH" are
ellipses. We will call this the Delaunay domain.

Proposition 5.2. On ® all orbits of AL, dG*, and dK* are periodic with period 2m. The
orbits of dL* are elliptic orbits of the Kepler problem and the orbits of dG*, dK? are circles
described below.

Proof. In coordinates (r, R) = (z,y, 2, X,Y, Z) the function K = A, = 2Y — yX, and the
equations of dK# are

i=Kyx=—y X=-K,=-Y
y=Ky=-x YV =-K,=X
=Ky, =0 Z=-K,=0

This is just two harmonic oscillators of period 27w. Note there are circles about the z-axis
and Z-axis.

Let E be the two dimensional plane spanned by r, R in R®. Recall A=r x R#0sor R
are linearly independent. Let @) be the rotation matrix which rotates £ to the x, y-plane. In
that plane G = +K and so by the above in that plane all orbits are of period 27 and circles.
These orbits would be circles in the plane spanned by r, R.

In the Kepler problem the period of the orbits are p(h) = (7/v/2)(1/(=h)*?. So L =
(—2H)~'/? gives s(h) = (—2h)~%/? which makes the orbits all 27 periodic. O

Lemma 5.4. On®, L? > G? > K? > 0 and dK, dG, and dL are independent.

Proof. Clearly, G*> > K? > 0 and by definition of ® we require strict inequality. If at some
point K2 > 0 then the solution of dK# through that point lies on a circle and so dK # 0. If
at some point G? > K? > 0 then the solution of G* is a circle different from the solution of
dK#. Thus dK and dG are independent.

For the Kepler problem H = —1/2s where s is the semi-major axis so L? = s. But
G? = (1 —¢€%)s,s0 L* > G* and L? = G? only on circular orbits, so on ® we have L* > G? >
K?>0.

If dL depends on dG and dK then dL# = d(aG + BK)# where o and (3 are constants.

But, the solutions of d(aG + SK)# are circles again (aG + SK is just a new momentum
12



vector), but the solution of dL# is an ellipse. Thus, dL# # d(aG + BK)# and the vectors
are independent. 0

Theorem 5.1. { Arnold’s Theorem} If an n-degree of freedom system has n-independent
integrals Fy, ..., F, in itnvolution and the level set Ty: F| = const, . .., F, = const is compact
then Ty is an n-torus and one can introduce action-angle variables around Ty.

Proof. {Outline:} Holding n independent functions fixed in a 2n-dimensional system defined
an n-manifold — so Ty is an n manifold. The integrals in involution implies that dF} 1# v, dE
are commuting vector fields on Ty. It is an old theorem in topology that a compact manifold
with n-commuting vector fields is an n-torus.

To construct the action-angle coordinates one must find n integrals I} = I,(F}, ..., Fy,),
ooy Iy = 1,(F, ..., F,) such that the integrals are defined in a neighborhood of Ty and are
still in involution, but such that all solutions of dI fﬁ ,...,dI# are periodic with the same

period. (Arnold’s proof has a gap at this point, but the gap was filled in [2].) For the Kepler
problem in space we have constructed the three such independent integrals in involution,
namely L, G, K.)

Since the integrals are defined in a neighborhood of Ty it lies in an n-parameter family of
n-tori which will be denoted by T(/y, ..., I,). Pick a local Lagrangian manifold S transversal
to T(Iy,...,1,) so SNT(I,...,1I,) is a single point, p([y,...,1,), and let ®;(t,() be the
solution of dI7* with ®;(0,¢) = (.

Action-angle coordinates are defined by the map

A:(L,. .. 101, 0n) — P Dy Pt (Pr1y - o, Pr(r, (L1, .o L)) -+ ).

That is, to find the point with coordinates (I, ..., I, ¢1,...,d,) first find the point p on
the intersection of the Lagrangian manifolds S and T(Iy,...,1,), then follow the flow dI i#
by time ¢, then the flow al[fE by a time ¢, etc. 0J

Return to the Kepler problem in space. We will describe the angles in reverse order.
Given a point in ® flow back by a time —¢ by the flow dL# until you reach the perigee of the
Kepler orbit, so ¢ is the mean anomaly measured from the perigee. Then flow by a time —g
until the point is in the x, y-plane, so g is the argument of the perigee. You are still in the
invariant plane, so now you are at the intersection of the invariant plane and the z, y-plane
or at the line of the node. Now flow by —k until you reach the z-axis, so k is the longitude
of the node.

This gives the Lagrangian manifold S = {z,y,2, X,Y,Z) : y = 2 = 0, X = 0}, i.e. the
initial conditions for the Kepler problem that have the perigee on the z-axis.

6. NOTES ON POINCARE ELEMENTS AND INITIAL CONDITIONS
The three dimensional Kepler problem in spherical coordinates is

1 P2 o2 1
H=-{R+—4— )=
Ut p* +p281n2¢>} p

Letting G? = &2 + Si(r?z¢ and R = 0, we can set H = —1/2L? to solve for the p value of the

perigee. This value is L[L — (L? — G?)'/2].
13



On circular solutions, where there is no perigee,

Ch 1

1
— — =0.
sin2¢) p?

0=p=R= E(qﬂ +
That is, G%/p® — 1/p* = 0 so G* = p = const. Since 0 = p = R, the Hamiltonian evaluated
on a circular solution becomes

-1 1,G? 1
202 2{ p2} p
which implies L? = p = G?. Thus, as in the two dimensional Kepler problem, L = +G
corresponds to the circular orbits.

To investigate three dimensional circular solutions then, we need to introduce Poincaré
elements of some kind. Begin by considering Delaunay coordinates which are defined by the
generating function

] K2 1/2
W(p,9,¢,L,G,K):9K+/ {02— } dz+

N 2
/2 Sin <z

G2 2 1)\
/a {‘? T L_} dz
where a = L[L = (L* — G*)'/2].
The meaning of L is shown above, and if ¢ is the inclination of the invariant plane in the
Kepler problem, then G? cosi = ©2, so G is the magnitude of total angular momentum (see

above). Near circular orbits, the variables L, G, and K present no problems, so we consider
the angular variables | = OW/0L, g = OW/0G, k = OW/OK. Let

1 (62 2 1)V
Iozﬁa{_?—i_;_ﬁ} dZ

P1( G2 2 1)V
le‘G/a;{7+;‘ﬁ} dz

From Schimdt [7] (via a clever substitution to evaluate the integrals), we find that

1—p/L? _pR

Iy = arccos ——————
' 1—(G/LE L

G*/p—1
1—(G/L)?
Since [ = I, it is clear that this variable is undefined when L = +£G. Now, let

I, = — arccos

sin 2z

I3 = ¢ {GQ— KEZ}_I/Q

L[5, {c - }1/2Gdz

K
—dz

sin“z

w/2 sin
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These last two integrals can be integrated to obtain (since K = )

I, = — arcsin &
1—-(0/G)?
0/G ©
—arctan \/an 2/¢ EC(O(STG)Q if sin? ¢ # (5)2

or

Iy = —7/2 if sin?¢p = (9)2

And I, is defined since ©* = GZcosi therefore 0 < 1 — (0%/G?) < 1 as we assume that
0 < i < /2. Now, the Delaunay coordinates are as follows:

=1, = arccos A — Rp/L
g=1 — I, = —arccos B + arcsin §

k=60—13 =60+arctanT

Where
_ 1—p/L? B G*/p—1
V1—(G/L)? V1—(G/L)?
_ Ccos ¢ T (©/G) cos ¢

J1-(0/G) ~ /sin%e - (0/G)?

The Poincaré elements, which we will show are defined on circular solutions, are given by

Q1=1+g+k, Qy=—/2(L—G)sin(k+g), Q3= 1l+g. With the Delaunay coordinates,
we can write (@3 is the simplest case, so we begin here): ()3 = arccos A+arccos B+arcsin S —

Rp/L. Combining the first two terms gives ()3 = arccos(1 + %) +arcsin S — Rp/ L which
now has no singularity at L = £G and is defined as long as long as 0 < ¢ < 7/2. Next,

observe that

R?p

= arccos (1 + m

) + arcsin S — Rp/L + 0 + arctan T

which has the same property.
(2> is more complicated. Start by looking at

k+ g =0+ arctanT + arccos B + arcsin S.
15



So

sin(g + k) = sin [arccos B] cos [0 + arctan T + arcsin S| +

cos [arccos B] sin [# 4 arctan T" 4 arcsin S]

G*/p—1

W] cos [0 + arctan T + arcsin S| +

= sin [arccos

2/ —
_Gle-l sin [# + arctan T + arcsin S|
1-(G/L)?

COS | arccos

GR
= ——cos[f +arctan T + arcsin S| +

V1= (G/L)?

G?*/p—1

W sin [6 + arctan T + arcsin S] .

Thus

V2(L —G)sin(g + k) = % cos [0 + arctan T' + arcsin S| +

V2L(G*/p—1)
VL+G

sin [# + arctan T + arcsin S| .

Where, again, the singularity at L = 4G is eliminated. On the circular solutions, since
R =0 and G? = p we have (), = 0.

7. INITIAL CONDITIONS FOR DOUBLY SYMMETRIC PERIODIC ORBITS IN POINCARE
ELEMENTS

Let position = (x,y, z) and let momentum = (X, Y, Z). To guarantee that the third mass
moving according to the motions given in the restricted problem have a doubly symmetric,
three dimensional periodic orbit it is sufficient that at ¢ = 0 we have X = y = 2 = 0,
and at time t = %T we have X =y = Z = 0. We want to determine what these sufficient
conditions must be in the Poincaré elements discussed above, so that such an orbit could be
nearly circular for 0 < t < %lT. To do this, we simply determine what the conditions must
be in (symplectic) spherical coordinates and then use the representations developed above

to translate these conditions into Poincaré elements.
16



In spherical coordinates we have at t =0 when X =y =2=0:

0=z=pcosp = ¢=m/2,

0=y =psingsind and ¢ = 7/2 = 0 = nm,

R=xX+yY +2Z= R=0,

O = —Xpsingsinf + Ypsingpcos and 6 =nr =60 =Yp

® = Xpcospcost +Ypcospsind — Zpsing = ¢ =—Zp

Thus it is sufficient that at t = 0; ¢ = 7/2, 0 = nw, R =0.
Nowatt:iTWhenX:y:Z:(]:

¢ # 0 so 0=y =psingsingd = 0=mn
R = 2 X+yY+27Z = R=0 as before
© = Yp as before, but

® = Xpcosgpcost+ Ypcospsinh — Zpsing
and X=7=0,0=mr = &=0

Thus it is sufficient that at t = %T; 0=mm, R=0, P =0.

Now since the expressions for Poincaré elements obtained above are nearly all in spherical
coordinates, we need only evaluate according to the above conditions. The expressions from
above are:

R2
()1 = arccos(1+ ﬁ) +arcsinS — Rp/L + 0 + arctan T
2LGR
Q2 = \/_— cos [0 + arctan T + arcsin S| +

vVL+G

VEL(G*/p— 1)
VIiG

sin [# + arctan T' + arcsin S|

R2
Qs = arccos(1 + ﬁ) + arcsinS — Rp/L
Since R =0 at both ¢t =0 and at t = }LT we can reduce the expressions to:
1 = 0+ arcsinS — 0+ 60+ arctanT’
L gy V2LE/p—1)
VvVL+G

Q3= 0+ arcsinS +0

Qo sin [0 4 arctan T" + arcsin S|

17



Which is equal to

B , oS ¢ (©/G)cos ¢

Q1 = arcsin WY e 007 + 0 4 arctan JsnZo— (8)C)
 V2L(GP/p—1) | (©/G) cos ¢ , cos ¢

Q2 = (e sin |6 + arctan Jein%s — (0/C)° + arcsin WY el ©/0)
B ) cos ¢

(Y3 = arcsin W BN CYe 0GP

Now at t =0, ¢ = 7/2 and 6 = n7 so this becomes

@)1 = arcsin(0 4 nm + arctan 0 = n7

VAL(G2/p— 1)

= sin|nm| =0
@= Irae b
@3 = arcsin(0 = jr

To see the initial conditions at ¢ = iT, since here ¢ is not determined, we need to expand
the expressions O/ ecosd  apg — ¢ iy terms of spherical coordinates. To do this
\/sin2¢—(0/G)? \/1-(0/G)? ’

recall that G = ®* + ©?/sin?¢. But at ¢ = 1T, this becomes G* = ©2/sin?¢ since ¢ = 0.
So sin2¢ = (®/G)? and the integral I3 becomes -7/2. In addition, 1 — (®/G)? becomes cos ¢.
Thus at t = iT when § = mn, R =0, & =0 the coordinates are

_ oS ¢ (©/G)cos o
()1 = arcsin m + mm + arctan \/sin 7 (@/0)2
Q2 = \/§L(G2/p il sin [ mm 4+ arctan (0/G)cosd + arcsin cos ¢

VI+G Jsin2o — (6/G)? 1-(0/G)?

cos @

1-(0/G)?

(Y3 = arcsin

or
Q1= arcsinl +mnm —7/2=mn

V2L(G?/p—1) .

Qs = sin [mm — 7/2 + arcsin 1] = 0

vVL+G

Q3 = arcsinl = km/2
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