DISCRETE AND CONTINUOUS d0i:10.3934 /dcds.2009.26.265
DYNAMICAL SYSTEMS
Volume 26, Number 1, January 2010 pp. 265—290

TRAVELING WAVE SOLUTIONS FOR A REACTION
DIFFUSION EQUATION WITH DOUBLE DEGENERATE
NONLINEARITIES

XIAOJIE Hou

Department of Mathematics and Statistics
University of North Carolina at Wilmington
Wilmington, NC 28403, USA

Y1 L1

Department of Mathematics
The University of Iowa
Towa City, TA 52242, USA

Department of Mathematics
Xi’an Jiaotong University
Xji’an, China

KENNETH R. MEYER

Department of Mathematical Sciences
University of Cincinnati
Cincinnati, OH 45221, USA

(Communicated by Fanghua Lin)

ABSTRACT. This paper studies the traveling wave solutions for a reaction dif-
fusion equation with double degenerate nonlinearities. The existence, unique-
ness, asymptotics as well as the stability of the wave solutions are investigated.
The traveling wave solutions, existed for a continuance of wave speeds, do not
approach the equilibria exponentially with speed larger than the critical one.
While with the critical speed, the wave solutions approach to one equilibrium
exponentially fast and to the other equilibrium algebraically. This is in sharp
contrast with the asymptotic behaviors of the wave solutions of the classical
KPP and m — th order Fisher equations. A delicate construction of super- and
sub-solution shows that the wave solution with critical speed is globally asymp-
totically stable. A simpler alternative existence proof by LaSalle’s Wazewski
principle is also provided in the last section.

1. Introduction. We study the asymptotic behaviors and the stability of the trav-
eling wave solutions of the reaction-diffusion equation

Ut = Ugy T f(u)u
r€R, teRT (1)
u(z,0) = ¢(x),

with the nonlinear term f satisfying the following conditions :
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. For some number 0 < a < 1, f(s) is C“ on the interval [0, 1],
f(0) = f(1) =0,

3. 7(0) = f/(1) =0,

4. f'(s) >0, f'(1—s) <0 for small s > 0,

5. f>0on (0, 1).

The initial condition v will be specified later. The above conditions imply that
u = 0 and u = 1 are two equilibria of equation (1), and that both equilibria
are double degenerated. An example of (1) with the nonlinear term f satisfying
conditions (1) — (5) may be found, for example, in [20].

If we disregard the initial condition for a moment, a traveling wave solution of
(1) has the form u(z,t) := u(x + ct) = u(§), x + ¢t = £ € R, and connects the
equilibrium v = 0 and v = 1 as £ goes from —oo to oco. The constant ¢ is the wave
speed, and such solution also satisfies the following boundary value problem,

[N

u’ —cu' + f(u) =0,
(2)

u(—00) =0, u(+o00) =1,

where prime denotes the differentiation with respect to €. Integrating (2) from —oo
to 400, one immediately sees that ¢ > 0 is a necessary condition for the existence
of solutions. We will therefore assume ¢ > 0 throughout this paper.

The proofs of the existence, uniqueness, as well as the stability properties of the
traveling wave solutions are based on the a priori estimates of the wave solutions at
infinities, namely, the asymptotic behaviors. Once one has control of the traveling
wave solution at infinities, the comparison principle, the compactness argument
can be applied to derive the above mentioned properties of the wave solutions.
As is well known, the asymptotic behaviors of the wave solution depend on the
properties of the nonlinear source term f. In the KPP-Fisher equation where f(u) =
u(1—u), the wave solution approaches the equilibria exponentially fast for any wave
speed ¢ > 2; however in the m — th order Fisher equation or Zadovich equation
where f(u) = u™(1 —u), m > 1, the wave solution approaches to both equilibria
exponentially with the critical/minimum speed, and algebraically to equilibrium
u = 0 and exponentially to u = 1 with other wave speed. The criticality of the
minimum speed has already been observed by KPP in their seminal paper [16]
where the solution of the corresponding initial value problem (1) evolves naturally
to the traveling wave solution with step initial values 0 at one end and 1 at the
other end. It was proved again in [3] that such criticality extends to the more
general Zodovich equation for any m > 1 which resolved a long time open problem
on stability of the wave solutions. The traveling wave solutions have been shown
in ([25], [26], [15], [14], [33], [22]) to be asymptotically stable in the exponentially
weighted Banach spaces. Similar results have also been derived for equations in
higher dimensions ([3], [5]) and monostable reaction diffusion systems ([28], [5],
[31]). (Please see [5], [3], [24], [28], [29], [23] and the references therein for more
developments and applications in Biology as well as in Physics and Chemistry).
For the equation with double degenerated nonlinear source, less results are known,
in particular, the asymptotic behaviors of the wave solutions and their stabilities
are still remained unanswered ([4]). We should point out that in [23], Liang and
Zhao estabished, among other things, that a more general existence result of the
traveling wave solutions of system (1) with the wave speed ¢ larger than or equal to
the asymptotic spreading speed. Note that in [23] the requirement for system (1) to
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support such traveling wave solutions is 0 < f € C*([0,1],R) and f(0) = f(1) = 0.
Please see [23] Theorem 2.17, Theorem 4.3 and Theorem 4.4 there for more details.
We remark here the ideas and methods in this paper are different from those [23].

We are trying to study those questions in this paper. It is easy to see that one
can approximate system (2) with the following system:

uy — coup + fo(u) =0,

3)

ug(—o0) =0, wup(oo) =1
where 0 < 6 < 1/4, fo(s) = f-&p(s), and &p(s) is a cut-off function having the form:

0, s €10, 0);
&o(s) = ¢ asmooth positive function connecting 0 and 1, s € (6, 26); (4)
1, s €20, 1].

The existence of traveling wave solutions of (3) is shown in ([6]). Noticing that
as 8 — 0, fo — f. Therefore, as long as the uy(¢) is uniformly bounded in local
W?2P (p > 1) norm, non-vanishing, and that cg is bounded from below by zero and
above by a positive number, the existence of the traveling wave solutions for (2)
will follow by letting § — 0 and a compactness argument. The key point here is the
asymptotic estimate of the solutions of (3).

We then proceed to study the stability of the traveling wave solution. A spectral
analysis reveals that the essential spectrum ([13]) of the linearized operator around
the traveling wave solutions touches origin, which implies that in the exponentially
weighted Banach spaces, the traveling wave solution of (1) is unstable or at most
marginally stable. Following the ideas of [3], [10], by suitably constructing super-
and sub-solutions of equation (1), we are able to show that for certain range of initial
functions, the traveling wave solution with the critical wave speed is asymptotically
stable. We remark that the stability of the traveling wave solution with non-critical
speed of (1) has recently been studied in [22], by means of Evans function and linear
spectral analysis in the exponential-polynomially weighted Banach spaces.

We now state the main results of this paper.

Theorem 1.1. Suppose that f satisfies conditions (1)-(5), then system (1) has a
unique traveling wave solution u*(§) (up to a translation of origin) with speed ¢* > 0,
and the wave speed is described by limg_ocg = c¢*. The traveling wave solution is
monotonically increasing in R, and has the following asymptotic behaviors,

Hy(6(1+0(1))), as & — +oo,
we=1 * 5)
Ae € +o(e8), as & — —o0,

where A > 0 is a constant, Hi = Fl_l, F = f:o %, ug < u < 1 and 1 —ug is

small enough.

The next theorem indicates that the wave speed ¢* obtained in Theorem 1.1 is
minimal or critical.

Theorem 1.2. Let ¢* be as in Theorem 1.1, then for every ¢ > ¢* (2) has a unique
(up to a translation of the origin) solution. The solution is monotonically increasing
on R, and has the following asymptotic behaviors,
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Hi(36(1 4 0(1))), as & — +oo,
u(§) = (6)
HQ(%f(l + 0(1))), as & — —o0,

where Hy = Fo_l, Fy = LZ) %, 0 < u < ug for some small ug , H = Fl_l7
= LZ %, u, <u <1 and uy is close to 1.

Remark 1. More detailed asymptotic behaviors can be obtained via iterations,
please refer to the proof of Lemma 2.3.

On the stability of the traveling wave solution with the critical speed we have,

Theorem 1.3. There exist constants &, (o, qo € R and a constant M > 0 suffi-
ciently large, such that if initial value 1 (x) satisfies

0 < tp(x) < Ae® @=%0) 4 qoe%(m_go), asx < —M, (7)

and

Hyi(x+ (o) — qoef%(”&’) <(x) < Hi(z — () + qo(f%(””f“), as x> M, (8)

then the solution u(x,t) of the initial value problem (1) has the following property

u €+ (1) = &1,t) <ulz,t) <u(€ = (1) + &), 9)

or every t > 0, where £ = x+c*t, ((t) = (e P, B = <2 and 1, & are two positive
8
constants.

Letting ¢ — 400 in (9), we can see that u(x,t) — u*(x,t) exponentially.

Remark 2. Noting the method used in the proof of this theorem in section 4 is
different from that of [14], where the local stability of the traveling wave solution
with the critical wave speed was studied. This is mainly due to the fact that the
traveling wave solutions of (1) no longer have exponential decay at the positive
infinity (please see section 2 ).

We will prove Theorem 1.1, Theorem 1.2 and Theorem 1.3 in Section 2 to Section
4 respectively, in the Appendix we will provide an alternative simpler and more
direct existence proof of the traveling wave solutions. The proof works for KPP,
m — th order Fisher as well as the current nonlinearities. However, the proof does
not lead to the asymptotic estimates of the traveling wave solutions.

2. Existence of traveling wave solutions, proof of Theorem 1.1. In this
section, we will show the existence of critical wave speed and the corresponding
traveling wave solution. We first study the asymptotic behaviors of the traveling
wave solutions of system (3), and based on which we will derive several comparison
results. The existence of the traveling wave solutions of (1) will follow from those
results and a compactness argument.

Lemma 2.1. Let ug(§) be a traveling wave solution of system (3), and cqy be its
speed. Writing

P(§) = ) (10)
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then
li =\,
Jim ¢(€)
where X\ is a solution of the equation
A% —cph = 0.

Proof. By [6], uy(&§) > 0 for £ € R.
It is easy to see that up() satisfies the following equation

(ug)” — co(up) + fo(ug)ug =0,
then it follows that

" "

Up Up /
—— —co— + fo(ug) = 0.
W fo(uo)
By condition (3), we have
" u//
4 gt = —fh(up) = 0, as&— +oo.
Ug Ug
From (11),
(b/(é-) _ U’IH/IU‘IH — (U‘IH/)Q _ % o ¢2,
(up)? up
then one has
up' 2 2
¢ —cop+ ¢ = o — ¢ —cop+ ¢
0
u/l/ u/l
= -t
Ug Ug
= —folug) =0

as & — 4o00.
We claim that ¢(§) is bounded as £ — +o0.

269

(13)

(15)

Suppose that the claim is not true, then ¢ is unbounded, it is either monotone
or oscillating as £ — +o00. First we suppose that ¢ is monotone on the interval

(M, +00) for some M large, then one must have

Jim_[6(6)] = +ox.

consequently,

1
lim — =0.
g—rtoo §(§)
On the other hand, by (15) one has
fo(uo) ¢ —cop+¢°
P ¢
¢/ 1

Ty esTh

(16)
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so (15) and (17) imply that as & — +oo,

/
(Y =-% -1,
¢ ¢?
which contradicts (16).
We then assume ¢(&) oscillating as £ — +oo. Since ¢ is unbounded, we can
choose a sequence &;, i € N such that § — +o00 as ¢ — +00, and ¢ takes extreme
values at & . Then the unboundedness of ¢ implies that lim; o |¢(&;)| = co. Since

{¢(&)} are local extrema, ¢/(&;) =0 for i € N. Then it follows that one has
¢'(&i) = cop(&i) + 6°(&) = —cod(&) + ¢ (&)

= @(&)(—co+ (&) — +00
which is in contradiction with (15). Hence, ¢(§) is bounded as £ — +o0.
We next show that limg_ 1o ¢(§) exists.
Let a = limsup,_, ., ¢(§), B = liminfe_ 1 ¢(§). Since ¢(¢) is bounded, v and
(G are well defined and o« > (3. Choosing sequences M; and N;, ¢ € N such that
¢(M;) and ¢(NN;) are the local maximum and minimum of ¢(§) respectively, and
M;, N; — 400 as ¢ — +00, then one has

(18)

<
£
|
g
=
=
_|_
ASS
[ V)
£

)
= —cpp(M;) + ¢*(M;) — —coa+ a® = 0,

and

¢'(N;) = cod(Ny) + ¢*(Ni) = —co3 + 32 = 0,
then it follows that both o and ( are solutions of (12). We claim that o = 5. In
fact, if the claim is not true, then one must have o = ¢y and 8 = 0. Choosing ¢
small enough and a sequence r; with r; — 400, such that ¢(r;) = o — €/2 and
¢'(r;) <0, then
€ €

¢'(ri) = cod(ri) + ¢*(ri) < (o — =5 —cp) <0

as r; — +o00. This contradicts (15). Therefore, « = 8 and limg_. 4o ¢(§) exists. O
Lemma 2.2. Let A be defined as in (11), then A = 0.

Proof. We first prove that for any constants A, d > 0, if £ is large enough then
up(€) <1 — Ae™ %,

By conditions (2) and (3), there exists & large enough, such that for s €
[ua(&0), 1] and a constant d > 0 (to be determined later),

fg(S) < (d2 + Ced)(l — S)
Now consider equation

u” — cou’ + (d* + cpd)(1 —u) = 0 (19)
Clearly, for any A > 0, 1 — Ae~% is a solution of (19) while ug(£) is a subsolution.
Choosing A > 0 small enough, we have

ug(&) < 1 — Ae™ %0,
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By Maximum Principle, we have

ug(€) <1 — Ae % (20)

for € € (€0, +00). )
However, (11) and (12) imply that if A = ¢y, there exists a constant A > 0, such
that

ug(€) =1 — Ae= 4 o(e %)
as ¢ is large enough.
Choosing d = ¢y/2 in (20), then one would have
1 — Ae 0% 4 0(6_095) =up(§) <1-— fle_%eg,
for £ large enough, which is impossible. This implies that A = 0. O
We next derive the asymptotic behaviors of ug(§) at & = +o0.

Lemma 2.3. The traveling wave solution ug with speed cg of (3), has the following
asymptotic behavior as & is close to o0,

up(€) = Hy(—€(1 + o(1)).

Co
Proof. Since uy(€) > 0 for £ € R, then one has

1
Y ey P20 g
0 0
or equivalently,
uy 1
= ) 21
fo(ug) ug @)
Cop — —
Ug
By Lemma 2.2, one has as £ — +oo, Z—%’, — 0, then (21) implies by simple
6
integration that
1 1
U = Hy(———=¢), and u) = fo(Hy(———~=&)). 22
9() 9(60+0(1)§) o= Jol 9(09+0(1)§)) (22)
To gain further insight into (22), we rewrite (21) as
L/ S
folug) — co 1ug
co uy
1 1 U/I U/I
= —(1+——F+o(-7)).
Co Cop ue ue

Consequently, there exists a &y large enough (we note that {, may depend on 6 but
it causes no problem in the convergence proof below), such that for £ > &,

Y £ 1 ul uy
9@=/—ﬂ+—4+d#%a
& (o) & Co Co Ug Ug

then
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& ¢ 1 uy 9
s = [ —(+ % d
/of( s &)691—1—69”9—# (UG))S
R DO B (I R
= (- @)1+ O In folH <#5»>)
T = 5 T e o)
Writing Fy(ug) = 13;((;0)) fcéz), since Fy(ug) = m > 0, we see that Fy is

invertible, let F(,_1 = Hy. In addition since }(755) — 00 as s — 1 we have

1
§—&

In fo(Hp( €)) = 0as & — +oo,

co +o(1)
and hence

ug(§) = ( (€= &o)(1+o(1))).

After a shifting of the origin, we can obtain

ug(€) = Ho(—€(1+o(1)),

0
for ¢ large enough.
It is easy to see that with iteration we could show after a shifting of the origin
that, for example:

1 11 1
ug(§) = He(aﬂl + € In fe(He(;@)(l +0(1)))). (23)
Note that the Lemma is proved since fyp = f near 1. O

Remark 3. The traveling wave solution ug(§) of (3) has the following asymptotic
behavior at —oo

ug () = Be®*
where B > 0 is a constant, see ([6]).

Next we show that as 6§ decreases to 0, up approaches a solution u (&) of (2). To
this end, we will need the following comparison lemmas.

Lemma 2.4. Let g be any CY® function and a > 0 be a constant. Assume that
functions v and z satisfy

{ v — v’ + g(v)

2" —cz' +g(2)

IN IV
=

respectively, and that

then

Furthermore, if
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then
v(€) <z(), §€[-a.d]

Proof. The lemma was proved in [4] by Sliding domain method. O

Lemma 2.5. Suppose that [ satisfies conditions (1)-(5), let 01 < 02 and ug, be the
solutions of (3) with speed cy,, 1 = 1,2 , then co, > cp,.

Proof. Suppose that there exist 61 and 62, with 0 < 61 < 62, but cg, < cq,.
From Lemma 2.3, for ¢ large enough, ug,, i = 1, 2 can be written as

up, (€) = H(——£(1 + o(1))),

Co,
(24)

1
0, (§) = H(——€(1+ o{1)),
2
noting that the same H is used since fp, (u) and fp,(u) agree for u near 1.
By Remark 3, we have as £ is close to —oo that there exist constants A, B > 0

such that

ug, (§) = Aen,

(25)
o () = Beous.
We further normalize ug, (§) and ug,(§) such that
1
o, (O) = U, (O) = 9 (26)

Given ¢y, < cy,, the dependence of H on ¢y and (22) imply that for £ large
enough,

ug, (€) > g, (§)- (27)
Then from (23) and (25), there exists a T' > 0 large enough, such that

Ug, (_T) > Ug, (_T)v

and

Ue, (T) > Ug, (T>
Noting that fg, > fs,, one has

Ule/l - Cﬁlugl + f92 (u91> <0,
on [-T,T].
U’gg - 092%2 + f92 (u92> =0,
The monotonicity of ug, (), i = 1,2 and Lemma 2.4 imply
Upy (5) < ug, (5) on (_Ta T),

which contradicts with the normalization condition (26). O
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Lemma 2.6. The wave speed cg has an upper bound independent on 6 as 6 — 0.

Proof. The idea of the proof is similar to section 8 of [4]. Let 6 be chosen such
that 0 < 6 < 1/4. Normalizing ug(€) such that ug(0) = 1/2. We will compare the
solution of (3) and ¢y with those of a KPP-Fisher equation

"o _ _
{ w’ — cw' + kw(l —w) =0, (28)

w(—o0) =0, w(+oo) =1,
where in equation (28), we choose the positive constant & such that ks(1—s) > fo(s),
for s € (0, 1). We can normalize w(§) and ug(€) such that

w(0) = ug(0) = (20)

Recalling that ([25], [11], [16]) system (28) has a solution w(§), £ € R for every
¢ > 2k, and the solution satisfies that w’(¢) > 0. The solution w(¢) has the
following asymptotic behaviors:

N | =

c—V/c2—ak ¢

w(§) = Aye 2 +o(e™ 3 —¢

)7 as 5 S _N; (30)
and
w(E) = 1 — Bye™ 7€ 4 o ), as €> N, (31)

where in (30), (31), A, and B,, are two positive numbers.

c—V/c?2—4k
2

0 < &ve—an ”22_4]“ <1 < cp . Then Remark 3 implies

c—/c2+4ak
efg

— 0 as ¢ — oo, we can choose a sufficiently large ¢, such that

up(§) < w(f), as & < —N, (32)
and by Lemma 2.3, we also have

up(§) <w(f), as§ > N. (33)
We then consider (3) and (26) on the interval (=N, N). We claim that ¢y < c.
Suppose on the contrary ¢y > ¢, then one would have

w” — cow’ + fo(w) < 0. (34)

Inequality (32) along with (30) and (31) as well as Lemma 2.6 imply that w(§) >
ug(€) on [—N, N, which contradicts (29).

Since c is fixed and does not depend on 6, the Lemma is then proved. |

Lemma 2.7. Suppose that f satisfies conditions (1)-(5), then there exist a ¢* > 0
and a function u*(§) > 0, £ € R such that

(W) — e () + ) =0,
{ u*(—o00) =0, u*(+o0) = 1. (35)

Proof. Choosing a decreasing sequence {6;}, i = 1,2,3,---, such that §; — 0 as

i — 400 and normalizing ug, (£) such that ug, (0) = +. As i — oo, we have, by

2
Lemma 2.3 and Lemma 2.5, that

¢ = lim cp,.
71— 400

For each ¢ = 1,2, 3..., up, solves boundary value problem
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’U’gl - CGiulei + fo, (u‘%) =0,

uei(—oo) =0, u9i(+oo) =1
Normalizing ug, such that ug, (0) = 1/2, we then consider sequence {ug, }$°; on
the interval [—a, a] with @ > 0 large. From Schauder estimates, on the interval
[—a, a],{ug, }32, has a subsequence {up, }7°_, convergent to a solution of the initial
value problem

u” —c*u' + f(u) =0, on[—a,al,

u(z) =0,
We further consider sequence {up,, }7°_; on the interval [~2a, 2a], the Schauder
estimates again imply that {ug, }$°_; has a convergent subsequence {uy,, }7s_; on
[—2a, 2a] and the limiting function solves the initial value problem

u” —c*u' + f(u) =0, on [—2a, 2a],

u(z) =0,

Iterating the above process, we will have for each n € Z, there is a subsequence
{ug, } of {up,} which is uniformly convergent to a solution of the corresponding
initial value problem on the interval [—na, nal.

Extracting the diagonal sequence {ug,, }°, and Letting n — oo, there exists a
function u*(£) that solves the equation

()’ —c*(w) + f(u") =0, SeR,

(w)(0) = 5.

Furthermore since u’ei > 0, we then have (u*)" > 0. Also for each i, 0 < up, <1,
we have 0 < u*(€) <1, €& € R.

By condition (1), u(§) = % is not a constant solution of (2), and u*(—oc0) =
lime oo u*(€) < 5 < lime_oo u*(€) = u*(00). Since u*(—o0) and u*(+00) must
be equilibrium points of f , then u*(—o0) = 0, u*(c0) = 1. We can integrate (36)
to conclude that ¢* > 0. O

(36)

Lemma 2.8. Corresponding to the wave speed c¢*, the traveling wave solution u*
has the following asymptotic behaviors,

Ae € £ o(e€E);  as £ — —oo,
u(€) = ' (37)
Hi(—€(1+0(1)), a5 €= +oc,
where A > 0 is some constant.

Proof. One can repeat the same proof as in Lemma 2.1 and Lemma 2.2 to conclude
that as £ — +o0,

u*(€) = H(=€(1 4 o(1)).

To derive the asymptotic behaviors of u*(£) at £ = —oo, we first show
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o (w)"(€)
lim —— = ¢". 38
S (e o
The same proofs of Lemma 2.1 and Lemma 2.2 can be carried over to show

*\//
g——o0 (u*)'(§)
where \ is a solution of A2 — ¢*\ = 0. ,

We next show A # 0. Suppose on the contrary, one has limg_._ ((1;*),((55) =0,
then for any € with 0 < e < c1/2, there exists a M > 0 such that as { € (o0, —M],
*\//

e WO
(u)'(§)
Choosing a sequence {6;}52, with 0 < 6; < % and lim;_, 4 o #; = 0 as in the proof
of Lemma 2.7, then the convergence of (ug,, cp,) — (u*, ¢*) as i — oo implies that

*

—
—

—26<09i<2€<ci,

a contradiction to Lemma 2.7.
Then A = ¢*, integrating (38), we have the desired conclusion. O

Next, we show the uniqueness of the wave speed ¢* derived in Lemma 2.7. The
uniqueness is understood in the sense that ¢* is the only wave speed such that
the corresponding wave solution decays exponentially at —oo; and there is only one
(modulo translation) traveling wave solution u* (&) associated with such wave speed.

Lemma 2.9. The wave speed c¢* is uniquely determined by (2).

Proof. We first show that ¢* is the only wave speed such that the corresponding
traveling wave solution decays exponentially at —oo.

Suppose on the contrary that ui, us are two traveling wave solutions of (2) with
speed c; > c2, and that both u; and uy decay exponentially at £ = —oco. Then
there are two positive constants B; and Bs, such that

ul(ﬁ) = Blemf + 0(6615),

(39)
uz(§) = Bae®* + o(e?),
We normalize u1 and ug such that u1(0) = uz(0) = &
At € = 400, u; and ug have the following asymptotic behaviors
1
ur(€) = (€1 + o(1)),
i (40)
uz(§) = Hl(aﬁ(l +0(1))).

It can be shown that both u; and us are monotonically increasing.
It is clear that

u1(§) < ua(§)
for |£] — +o00. Then there exists a constant M > 0 such that for £ € (—oo, —M] U
[M, +00),

u1(§) < uz(§).



TRAVELING WAVE SOLUTION 277

Now we shift u; to the left. By the monotonicity of u; and ug with respect to
&, we only need to shift uy to the left at most 20/ units such that u;(§) < u2(€) on
(=M, M). We note that the inequality holds even for £ € (—o0, 00).

We shift u; back until it first touches us at some finite point & (because vy < ug
at £00 no matter how much shift by (39), (40)). At this time, we have

u1(§) < uz(§)

and also we have by ub > 0,
uf — cruy + flur) =0,

uy — crub + fug) <O0.
Let w(€) = u1 (&) — uz(&), then w satisfies

w” — cow’ + f(ur) — fuz) >0,
w(—o0) =0, w(+o0) =0,

w >0 forall £ € R and w(&) = 0.
Notice that

flur) = fluz) = f'(n(€))(ur —uz) = f'(n(€))w.

By the strong Maximal Principle for non-negative solutions, we have

w=0, for £eR.
This implies
uy = ug, for £ €R.

A contradiction. O

Proof of Theorem 1.1: See Lemma 2.7 and Lemma 2.8.

3. The range of wave speed, proof of Theorem 1.2. In this section, we show
that ¢* is the minimal wave speed. To this end, we will show for every ¢ > ¢* that
system (2) has a wave solution, while for every 0 < ¢ < ¢*, system (2) does not
have any positive wave solution.

Lemma 3.1. For any 0 < ¢ < c¢*, (2) does not have any positive solution.

Proof. We will use Lemma 2.4 to prove the conclusion. In order to verify the
boundary conditions of Lemma 2.4, we first show that if u(§) is any traveling wave
solution of (2) with speed ¢ > 0, then «/(§) > 0, note here we do not put any
restriction on ¢. We have on the one hand that any positive wave solution of (2)
with speed ¢ > 0 must be monotone, on the other hand that it is impossible to
have a monotone wave for any 0 < ¢ < ¢*. This contradiction will lead us to the
conclusion of this Lemma.

Since (2) is translation invariant, then for any r > 0, u"(§) = u(€ + r) is also
a solution of (2) with boundary conditions u"(—o00) = 0, " (+00) = 1. Similar to
the proofs of Lemma 2.1 and Lemma 2.2, we have as ¢ — —oo, either there exists
a A > 0 such that
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u(€) = Ae + o(e), (41)
for a constant A > 0, or
u(€) = Ho(£(1 +o(1))) (42)

As & — 400, u(€) has the similar asymptotics, i.e., either there exists a B>0,
such that

u(€) =1 — Be % + o(e™ ), (43)
or
1
u(§) = Hi(Z¢(1 +o(1))). (44)
In case of either (43) or (44), we have as in (21)
I

SN 1, which implies that v’ > 0 there. (45)

flu) e

It then follows from (41)-(44) that, for any r > 0, there exists a M > 0, such
that

u" (&) > u(§), &€ (—o0o,—M]U[M,+00). (46)
We next show
u(§) > u(§), e (=M,M). (47)
Suppose that (47) is not true, then there exists a & € (—M, M) such that

u"(§) = u(&o),
we then shift u”(£) to the left, that is, we increase r. There exists a ¥ > r, such
that

u'(§) > u(§), § € [-M, M —7]. (48)

By (46), 7 is at most 2M, so (47) holds.

We next shift u” () back, that is we decrease 7, until one of the following situation
happens first:

Case (a). there exists a 71, such that v™(§) = u(£) on the interval [—M, M],
then we can apply Maximum Principle to w(§) = u™(£) — u(€) on R to conclude
that u(§) = u"(€), for any £ € R, which is in contradiction with (46).

Case (b). there exists a 7o and a & € (—M, M), such that u™(&1) = u(&1), while
at the same time u™ (&) > u(§), for £ € (=M, M), £ # & . The same proof as in
Case (a) implies that this case is also impossible. We can then decrease 7 further.

In either case, since we can decrease  at most to 0, then necessarily, one has
u” (&) > u() for £ € (—M, M). This implies u’(£) > 0.

We then show that for any 0 < ¢ < ¢*, (1.2) does not have monotone solutions.

Suppose on the contrary, for some 0 < ¢ < ¢*, u(§) is a solution of (2), then
similar to the proof of Lemma 2.1 and Lemma 2.2, one gets to

u”(€)
u'(§)

— A asfé] - oo
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then either A = 0 or A\ = ¢, so there exists a M > 0, such that for £ € (—oco, —M] U
[M,+0c0), one has

u(§) > u*(§). (49)

We next show (49) is true for all £ € R.

We consider u(§) and u*(€) on the interval [—M, M], suppose there is a £ €
(=M, M) such that u(€) = u*(€) then we can shift u*(£) to the right until we have
u(§) > u*(§), £ € (—M, M). Then, u(§) > u*(&),§ € R.

Now we shift u*(§) back until it first touches u(£) at some & and we have u*(§)

<
u(€), by maximum principle, we have u(§) = u*(€), £ € R, a contradiction. O

Lemma 3.2. Assuming the conditions of Theorem 1.1, then for every ¢ > ¢* with
c* given by Theorem 1.1, system

u —cu + f(u) =0,

has a solution.

Proof. Step 1, we denote the solution obtained in Theorem 1.1 as (u*, ¢*) and we
have, by Theorem 1.1, (u*)’ > 0 for £ € R. Hence, for any ¢ > c*,

()" —e(u*) + f(u*) <O0.

This shows for ¢ > ¢* that «* is a super-solution of

v’ —cu' + f(u) = 0. (50)

Also, for any 0 < h < 1, we have f(h) > 0, then it follows that h is a sub-solution
of (49). Now fix a constant a > 1, we choose h < u*(—a), therefore, there exists a
function v, such that

v —cev' + f(v) =0,

v(=a) = h, v(a) =u(a),

and v may be obtained by monotone iteration and we have h < v < u* on [—a, a]
and v" > 0 on (—a, a).

Step 2. Now we shift v* and let ©v*" = u*({ +r) and A" = u*(—a + r), then by
step 1, there exists v", such that

(") = c(") + f(v") =0,
v (=a)=h, v"(a)=u*(a).

Uniqueness of the solution of the above equations implies v" depending contin-
uously on r. Since (u*)" > 0, then v" is a sub-solution corresponding to any ' > r

and then we have v" > v", let r — oo, we have v — 1 by v* — 1 and v" — 0 as

r — —oc. Then there exists some r = 7 such that v"(0) = 3.
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Fix r = 7 and let ©u® be the solution of
()" —c(") + f(v") =0,  £€[-a, dl,

0<o™ <1, (v7) >0,

v (0) = 4.
By LP (p > 1) estimates, there exists a sequence a; — +o00, such that u® — u
on any compact set of [—a, a] uniformly and u satisfies

u” —cu' + f(u) =0,

_1
u' >0, u(0) = 5.

Then, u(§) # 0, u(§) # 1, so u(§) is not a constant and by taking limit as & —
+oo,we have u(—o00) = 0, u(+o00) = 1. O

Lemma 3.3. Suppose that (u, ¢) is a traveling wave solution of (2) with speed
c>c*, then

u) = Hi(g€(1+0(1)) as § — +09,

u(€) = Ho(z&(1+0(1))) as § — —00.
where Hy, Hy are defined by Theorem 1.2.

Proof. See Lemma 2.2 for the asymptotic behavior of u(§) when £ — +00, Lemma
2.8 implies that u(£) does not decay exponentially at & — —oc. O

Proof of Theorem 1.2: For the existence of the wave solution, see Lemma 2.8
and Lemma 2.9. For the uniqueness of the traveling wave solutions for each wave
speed ¢ > ¢*, one can adapt the proof of Lemma 2.9 to the current situation.

4. Stability, proof of Theorem 1.3. In this section, we prove Theorem 1.3,
the stability of the traveling wave solution with the critical speed c¢*. Though the
construction of the super- and sub-solution appears to be similar to that of [10], the
technical details are markedly different.
Let
q(&,t) = goe Pt min{e(E %) mn(EFE0)) (51)
and
C(t) = C06_6t7 (52)
where n = ¢*/2, 8 = (¢*)?/8, and the constants qo, & and (y will be determined in
the following.
It follows from conditions (2) and (3) that there exists a 7o > 0 sufficiently small,
such that

sup [f(Ml <= ===, (53)
0<7<79 Oor 1—Tp<7<1

and also there exists My > 0 large enough, such that uw*(—My) = 70/2. We fix
qo = u*(—My) = 710/2, (o = My/2. It is not hard to show that

e (u* (€)' — oo, as £ — +o0. (54)
We then let
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min (e",e78) = M,
—Mo—Co<E<Mo+Co

and
. . -
7M07<£I%1‘§DSMO+<O(U (5)) u

Now let & be defined as

o=

1, 28+¢0+06°+|flce)qoM
7 BGou '

Finally, letting B
0(&,t) = u™(§ = C(1) +a(§, 1),

Q(ﬁ,t) = u*(§ + C(t)) - q(ﬁ,t),

and
— _ . 1 é
@ Igél}l%l( , 0),
= 0, 0).
a = max(0, 9)
We have,

Lemma 4.1. & is a super-solution of (1).
Proof. Since u = 1 is already a solution of (1), we only consider 6, then

0 — 0.0 — f(0)
(u* (€ = €(0) + q(&:1)r = (u™ (€ = C(1) + (&, 1))aa

—f(u (€ = C(1) +a(&, 1))
= (Duge (€ = <) + (a8, 1))r — qee + f(u(€ = C(1)))

where ug, denote the second partial derivative of u* with respect to &.
We discuss (55) by cases.
Case 1, £ < —My + (.
Now (55) reads
—ug(§ =) O) + (=B +cn—1° = f'(u" +0q))q

for some constant o. Because of (53), we have
—B+c =1’ = f'(u" +0q) > 0.

Case 2, £ > My + (o.

Now (55) turns into
—B-cn-n* q¢  fu+og g¢ |

,ﬁ * _
B g (€ = CON + ——7 5= Gf  uge

We only need to show that
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—B-cn—n"_q f'lu*+0q) ¢
14+ - > 0. 56
G (56)
In fact, by (54), we have
Bten+ntgp 1 1
| Gop ugen(§+o) < 2’ (57)
and
f'(u* + oq)qo 1
| Gop ugen(s+o) < 2’ (58)
Therefore, by (57) and (58), we have shown that
" —B-c'n—-n"_q fllutoq) g
t —((t))|1 — > 0.
ﬁg( )uf(§ C( ))[ + COﬁ uze,gt COﬂ uze,ﬁt] =

Case 3, —M + (o < & < My + (p. We consider two subcases,
Subcase 1, —My + (o < £ < 0.

—¢'(tJue(€ — ) + (=B —c'n—n* = f'(u+0q))q

(59)
= Boe ug(§ = C(1) + (=B — ¢ —n* = f'(u+0q))q.
Subcase 2, 0 < & < My + (o.
¢ (Hue(€ = C(t) + (=B +c'n—n° = f'(u+0q))g .
60
= Boe ug(§ = C(1) + (=B + ' —n* — f'(u+ 0q))q.
from (53), we see that (59) and (60) are both nonnegative. O

Lemma 4.2. « is a subsolution of (1).

Proof. Since u = 0 is already a solution of (1), we need only to consider §. We have

= (W4 C(1) —q(& 1) — (u(§+ (1) — (& 1))aw
—fuw €+ (1) —q(&, 1)) (61)

= (ug€+ <) = (a(& 1) — gee
+ (W (€4 C(1)) = f(u (€ + (1) —q(&, 1))

Similar to the proof of Lemma 4.1, we consider the following cases.
Case 1. £ < —My— (p.
For some constant o1, (61) changes into

(g€ + () + (B =+ + f'(u* — 019))g. (62)
We need to show (62) is negative, actually, by (53), we have
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B—cn+n*+ f(u o)

0*2
- -3 + f'(u* —o19) <0
Case 2. £ > My — (p.
Now (62) is
* 2 /
B Bty PmCn=n" a  [flutoig) g
Bloe ug(1 + CoB8 uge=Pt CoB uze—ﬁt)’ (63)

we need to show (63) is positive. The same proof as in Lemma 4.1 can be applied
here to get the conclusion.

Case 3. —Mp — (o < & < Mo — (o-

we have two subcases to be considered:

Subcase 1. 0 < & < My — (p.

In this case, (61) changes to

— BGoe Ptug + (B + c*n+ 1P )g + f'(u* — 01q). (64)
Subcase 2. —My — (o < £ <0.
In this case, (61) changes to

— BéoePug + (B — ¢ n+n)a + f'(u— 01q). (65)
In either case, we can argue as in Lemma 4.1 that (64) and (65) are negative. [

Lemma 4.3. There exist & > 0 and & > 0 such that

(€ +&a,t) > 06 — &1, 1) (66)
Proof. By Theorem 1.1, for £ + (o < — My, we have

0(et) = ur(&—C(D) +alé.t)
= w(E = Coe P+ goePlenE—&) 67

= Aef (E=C0e™) 4 goe=Bten(€—to)

and
0(&:t) = w €+ (1) —al&:t)
= u*(£+ Goe™P) — goe Plen(s =) (68)
= Aec (EFGoe™) _ goe—Bten(E—to),

while for & — (y > My, we have

A€, 1) = (5 (€ — C(0)(1 + (1)) + goe™ e 1), (69)
and
8(6,0) = (- (€ + C(0)(1 + (1)) — qoe™ e 67 (70)
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Since H is increasing with respect to &, then there exists £ > 0 such that

0(&,t) > 0(¢ — &1, 1). (71)

We then consider & + (g € (— My, My), by Theorem 1.1 and because (— My, M)
is finite, there exists a 0 < & < My such that

0(¢ — &2,t) > 06+ &1,1)
for all ¢ > 0. O

Lemma 4.4. Let u be the solution of (1) with initial value v satisfying a(z,0) <
Y < a(x,0), then for all t > 0,u(t,z) > a and u(t,z) < a.

Proof. By Maximum principle and comparing ¢ with a(x,0) and &(z,0). O

Proof of Theorem 1.5. Lemma 4.1-4.4 amount to the conclusion of the theorem.

5. Application. As a special case of system (1), we consider the following system

Ut = Ugzy + 1 + sinu,
(72)
u(z,0) = ¢(z)

and its counterpart in the moving coordinates £ = x + ¢t with boundary conditions

u —cu +1+sinu=0,

U 3T (73)
u(—o0) = 5 u(+o00) = 5
System (73) is the classical pendulum or single point Josephson Junction equation
([20]), and satisfies conditions (1)-(5) after rescaling. According to Theorem 1.1 to
Theorem 1.3, there is a ¢* > 0 such that for any ¢ > ¢* system (73) has a unique
(modulo transformation) traveling wave solution. Also, the traveling wave solution
u* with speed ¢* is asymptotically stable for suitably chosen initial condition ¢ (z).
We interpret the dynamics of (73) in the phase plane (u, u’). System (73) has
a unique heteroclinic orbit connecting the equilibrium (u, v') = (—=n/2, 0) with
(u, u") = (37/2, 0) for every ¢ > ¢* (see also [20]). An equilibrium analysis reveals
that (—7/2,0) and (37/2, 0) are both saddle-nodes. Also from the asymptotic
analysis in section 2, when ¢ = ¢* the heteroclinic orbit is formed by the connection
between a strongly unstable manifold of the saddle-node (—7/2, 0) and a center
stable manifold of (37/2, 0) on the upper half (u, ') plane; while for ¢ > ¢*, the
heteroclinic orbit is formed by connecting the center unstable manifold of (—m/2, 0)
with a center stable manifold of (37/2, 0). Hence as the wave speed changes from
¢* to ¢ > ¢* the heteroclinic orbit breaks and then immediately re-forms between
the two equilibria. In this point of view, our results are in sharp contrast with those
of KPP equation, since in the later equation the heteroclinic connection persists
as ¢ changes from c*to ¢ > ¢*. The driving force for the traveling wave solution
of KPP equation is reaction and diffusion process. This is more evident from the
following corollary, in which we allow the nonlinear reaction term f to be slightly
more general than 1 4+ sin u.
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Corollary 1. Suppose in addition to conditions (1)-(5), the nonlinear term f in
(2) satisfies f"(1) > 0 and f"(0) > 0, and f is of C>®, then corresponding to c*,
then the traveling wave solution of (2) has the following asymptotic behaviors,
2c* 1 1
u*({):l—f%l)g—l—o(g) as & — 0o,
(74)
u*(€) = Ae®" ¢ 4 o(e"¢) as & — —oo,

while for ¢ > c*, the traveling wave solutions has the following asymptotic behaviors

2¢c 1 1
u({):l—fu—(l)g—l—o(g) as & — oo,
2 1 1 (75)

Proof. The asymptotic behavior for v* at —oo has been derived by Theorem 1.1.
We now derive the asymptotic expansion for u* at +oo.
Consider function

2c* 1 Blné
v(€)=1— —<-+——, 76
D= mmet e 70
where the constant B is to be determined.
Differentiating v(§), we have
2¢* 1  B-—2BIn¢
4 — J—
O CrmeEt T e
4c* 5B —6BIn¢
" _ o
YO tEme T e
then
Lv = v —c v + f(v)
77)
1 4c* (1), 2¢* 4 1 (
= —_— —B * —_— —_— — .
55( ¢ T e 6 (f”(l)) +0(§))
Choosing B = By > 0 sufficiently large and letting
B 2c* 1 Bilné
W= Emet e ™

we then have Lv; < 0 for & large enough, i.e, v; is a super solution for Lv=0.
Similarly we can choose —Bs > 0 large enough in (77) such that

2c* 1 BsIné
= 1 — —
N O (%)
defines a sub-solution of Lv = 0 for & > 0 sufficiently large.
It follows that vo(§) < v1(€) for € large enough. Consequently, there exists T' > 0,

such that

0<u(T) < (T) <1 (80)
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Since system (2) is shifting invariant, we can make a shifting of origin of u*(&)
such that

0 <ve(T) <u™(T) < v (T).
‘We then have

f)vg > Lu* > fml,
vo(T) <u*(T) < v (T), (81)

v (+00) = u*(+00) = vy (+00) = 1.
Consequently,

L(vy —u”) = (va —u")" = c"(va —u") + f(v2) = f(u")

=w" —c*w' + f'(pve + (1 — p)u™)w > 0,
where we set w = vy — u* and for each £, (&) is a constant between 0 and 1. By
Maximum Principle, we see v3(§) < u*(§) for £ > T'. Similarly, we have vy > u* for
E>T.
Therefore, we can write

2c* 1 1
uw(€)=1———=+o0(= as £ — oo.
©=1-Fye ole)
This shows (74). The verification for (75) is similar, so we skip it. O

We further remark that if the nonlinear term f as in (1) is only C1'%, the phase
plane analysis method for the KPP equation as in [25] does not work. Even for
f=u"(1—u)", 1< m,n €N, the phase plane analysis as appears in [20] will be
quite lengthy, see [12].

Appendix A. An alternative existence proof. In this section, we give an al-
ternative existence proof of the traveling wave solutions, the proof is simpler than
the previous one and covers KPP, m — th Fisher as well as the current double de-
generate case. As a cost, this proof does not yield the asymptotic results as in
Theorems 1.1, 1.2.

Consider the equation

u' —cu' + f(u) =0 (A-1)
where f : [0, 1] — R" is smooth and f(0) = f(1) = 0. To simplify our arguments
we will make the odd extension to f, that is we define f(§) = —f(—¢) for £ < 0. A
change of variable £ — —& changes the sign of ¢ so we will assume without loss of
generality that ¢ > 0.

We can write the equation as a system by introducing v = v/, so (A-1) becomes

u =, v =cv— f(u) (A-2)

The equilibrium points of (A-2) are of the form (y, 0) where f(v) = 0. A heteroclinic
solution of (A-2) is a solution (u(§),v(§)) such that

dim (u(§), () = (1,0), - Mim_(u(€),v()) = (72,0) (A-3)
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FIGURE 1. The Level Curve of V

where v; and 2 are two distinct zeros of f. We sometimes say the solution is
heteroclinic from (y1,0) to (72, 0).

Lemma A.1. If ¢ > 0 then any solution of (A-2) which is bounded for & < 0
approaches an equilibrium point as £ — —o0.

Proof. The classical Liapunov type theorems deal behavior as £ — +o0o. Therefore,
there will be several sign shifts in the following argument.
Consider the (Liapunov) function

1 ) B u B 1
VZEU + F(u), F(u)—/o f(r)dr, Fl—/0 f(r)dr. (A-4)

The derivative of V along a solution of (A-2) is

= g—‘:v’ + Z—Zu' =v(cw — f(u)) + f(u)v = cv? > 0. (A-5)
Since V' > 0 it follows from LaSalle’s Theorem (Theorem 2, page 282 of [17])
that a solution which is bounded for £ < 0 tends to the largest invariant set in
M = {(u,v) : V'(u,v) = 0} as £ — —oo. (Also see ([18, 19])) If ¢ > 0 then M is
the set where v = 0. On M we have v = — f(u), so to remain in M we must have
f(u)=0. O

VI

The level curves of V' are shown in Figure 1. The shaded region is the set
D={(u,v)] -1 <u<1,V<F}

Since V' > 0, a solution that starts in D at £ = 0 remains D for £ < 0. The set
D is compact, so by Lemma A.1 all solutions that start in D tend as £ — —o0 to
one of the three equilibrium points (—1,0), (0,0), (1,0).

Lemma A.2. For all ¢ > 0, at least one solution which starts in D tends to the
equilibrium (1,0) as & — 4o0.

Proof. Let W = {(u,v) : u > 0,0 > 0, %Fl <V < Fi}, see the shaded region in
Figure 2. This region does not quite satisfy the hypothesis of Wazewski’s theorem
since there are both ingress and egress points on the boundary ([12], [32]). The
region is not quite an isolating block in the sense of Conley and Easton ([8]), since
there is an equilibrium points on the boundary. However, the ideas of these works
readily apply.
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FIGURE 2. The Region W

The set of ingress points are the points on the boundary of W where the trajec-
tories enter W. The set of ingress points is homeomorphic to an open interval. The
set of egress points are the points on the boundary of W where the trajectories exit
W. The set of egress points is homeomorhpic to the union of two open intervals.
(The intervals are separated by the equilibrium point (1,0).)

Assume that no trajectory approaches (1,0). Then all trajectories enter the
ingress set and exit the egress set. The ingress and egress sets are cross sections to
the flow and cross section maps define a homeomorphism. But this is a contradiction
since the ingress set is connected and the egress set is disconnected. O

Proposition 1. There is at least one heteroclinic orbit from (0,0) to (1,0).
Proof. This follows from the two lemmas given above. O

Let (&) be such a heteroclinic solution. We note that (&) is unique (up to a
translation in £) if /(1) < 0 since in that case the critical point at (1,0) is a saddle
point.

A positive heteroclinic solution (u(§),v(€)) satisfies (A-3) and u(t) > 0 for all
—00 < € < oo0.

Proposition 2. Let f(u) < au for 0 < u < 1. If 0 < 4a < 2 then ¥(€) is a
positive heteroclinic solution.

If d = f'(0) > 0, then the heteroclinic solution ¥ (§) from (0,0) to (1,0) is not
positive when ¢ — 4d < 0.

Proof. We remark that the first part of this proposition does not require that f’(0) >
0 and/or f’(1) < 0.

If d = f/(0) > 0 and ¢®> —4d < 0, then the critical point at the origin is a unstable
spiral (focus). Since v (§) approaches 0 as & — —oo in the phase plane (¢(§), v’ (€))
spirals around the origin with (&) taking positive and negative values. See [7].

Now let f(u) < au for 0 < u < 1 with 0 < 4a < ¢?. We compare equation (A-2)
and the linear equation

u=v, vV=cv—au (A-6)

The equilibrium of equation (A-6) is a linear unstable node with particular so-

lutions along the eigenvectors of the coefficient matrix, that is along the vectors
(¢c£+vc? — 4o, 2ar). These vectors have positive slope. Let (u(€),v(€)) be a solution
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of (A-2) and (uw;(§),vi(§)) be a solution of (A-6). Then at any point in the first
quadrant

b, S, oo

du v u duy
The solutions of equation (A-2) grow faster than the solutions of (A-6) so there
are solutions of (A-2) which remain in the first quadrant and leave D. Call such a
solution (n(€),n’(£)). The solution (n(£),n’'(£)) defines a curve in the first quadrant

that starts at the origin as £ — —oo and leaves D.

M&. " (E)

L—
\(g W&
O (1.0)

If the solution (&) became negative then (¢(£),v’(£)) would have loop around
the origin. It must ultimately tend to (1,0) through the first quadrant, but the
curve (n(£),n'(£)) acts as a barrier since two trajectories cannot cross in the phase
plane. O
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